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PEL MODULI SPACES WITHOUT C-VALUED POINTS
OLIVER BÜLTEL
To my parents, Heinrich and Karola
Abstract. We give several new moduli interpretations of the
fibers of certain Shimura varieties over several prime numbers. As
a corollary we obtain that for every prescribed odd prime charac-
teristic p every bounded symmetric domain possesses quotients by
arithmetic groups whose models have good reduction at a prime
divisor of p.
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1. Introduction
Let (G,X) be a Shimura datum in the sense of all five axioms [11,
(2.1.1.1)-(2.1.1.5)] of Deligne. Let X+ be a connected component of X,
and let Aut(X+) be the real Lie-group of biholomorphic automorphisms
of X+. Let K be a neat compact open subgroup of G(A∞). Following
the ideas in, and using the notation of [11, (2.1.2)], we know that
G(Q)\(X ×G(A∞)/K) = KM(G,X) =(1)
G(Q)+\(X+ ×G(A∞)/K) =
∐
g
Γg\X+(2)
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is a smooth and quasi-projective algebraic C-variety, where Γg is a
bunch of torsion-free discrete subgroups of Aut(X+)+, and in the spe-
cial case of an anisotropic Q-group G only, each Γg turns out to be
cocompact, so that (1) is projective.
Moreover, one knows, that there exists a canonical variation FibHodge(ρ)
of pure Hodge structures over KM(G,X) for every Q-rational linear
representation ρ : G → GL(V/Q). In some cases these yield so-called
“moduli interpretations”, more specifically if there exists an injective
map ρ : G → GSp(2g) with ρ(X) ⊂ h±g , then KM(G,X) is a mod-
uli space of g-dimensional abelian varieties with additional structure,
i.e. equipped with additional Hodge cycles (on suitable powers). This
result is not only theoretically significant, but it also has a practical
meaning, because it is this particular class of Shimura varietes of Hodge
type which are, at least in principle, amenable to the methods of arith-
metic algebraic geometry. For instance, it is this way that Milne has
reobtained Deligne’s canonical models over the reflex field E ⊂ C in
[35]. Outside this class of Shimura varieties these methods fail, but the
work of many people (e.g. [22], [2]) has culminated in more general
results. Canonical models are finally shown to exist unconditionally in
[33]. However, the proof uses a very amazing reduction to the GL(2)-
cases, and again these are treated by means of abelian varieties whose
endomorphism rings have a suitable structure.
However, it is also very desireable to control the integrality properties
of the Shimura variety (1). So let us fix a odd rational prime p and
write OEp for the complete valuation rings corresponding to prime di-
visors p|p. If G is anisotropic Langlands conjectured the existence of a
projective and smooth OEp-model KMp, provided only that the group
K can be written as Kp × Kp, where Kp is a hyperspecial subgroup
of G(Qp), and K
p is a sufficiently small compact open subgroup of
G(A∞,p). He also points out the necessity of characterizing KMp (be
it projective or quasi-projective), which would make the model more
canonical, so that the conjecture remains meaningful in the isotropic
case too [28, p.411, l.17-19]. Such a characterization was suggested by
Milne, however his early attempt (in [34, Definition(2.5)]) had to be
modified (cf. [54] and [36, Definition(3.3)]). Finally, integral canonical
models were shown to exist for Shimura varieties of abelian type, see
[24], [23] and the references therein.
Our results: In this paper we focus on Langlands original conjecture for
Shimura data (G,X) which do not allow any embeddings of (Gad, Xad)
into (Sp(2g)/{±1}, h±1g ). Such non-preabelian Shimura data are rare,
but they do exist. If X+ is an irreducible tube domain for instance,
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there are but two families of examples, namely theQ-groups of trialitar-
ian type D4 whose sole non-compact simple real factor is isomorphic to
SO(6, 2)/{±1}, and the exceptional simple Q-groups of type E7 whose
sole non-compact simple real factor has signature −25. In these cases
there exists a simple formally real Jordan algebra J such that X+ can
be described as a domain in C⊗R J of the shape:
{X +√−1Y |X, Y ∈ J, Y > 0},
Here is J a 6-dimensional spin-factor in the former case, and the 27-
dimensional exceptional simple Jordan-algebra in the latter, there exist
other descriptions of X+, cf. [7]. Observe that the occurrence of a
single compact factor enforces already the anisotropicity of G. At last,
if X+ is reducible or not a tube domain, there are more complicated
examples most notably Q-forms of SO(8, 2)/{±1}×RSO∗(10)/{±1} or
the exceptional simple Q-groups of type E6 all of whose non-compact
simple real factors have signature −14. One of the outcomes of the
present paper is the following result:
Theorem 1.1. Suppose that (G,X) is a Shimura datum, such that Gder
is simply connected. Suppose that f > 1 is an integer, and p > 2 a
prime, such that and G splits over K(Fpf ) (i.e. Qp[exp
2iπ
pf−1 ]) while G
ad
is simple and quasisplit over Qp. Suppose in addition that G satisfies
at least one of the following conditions:
(i) Gad ×Q R possesses more than three times as many compact
simple real factors than non-compact ones and is of type Bl or
Cl.
(ii) Gad×QR possesses more than four times as many compact sim-
ple real factors than non-compact ones and is of type E7.
Fix an embedding ι : K(Fpf ) → C. Then there exists a compact open
subgroup Kp ⊂ G(Qp) and a scheme M = limKp→1 KpM with a right
G(A∞,p)-action over W (Fpf ), such that each KpM is projective and
smooth and KpM(G,X)
∼=M×W (F
pf
),ι C holds.
Under the assumptions of the theorem p is unramified and inert in
the totally real number field L+ which is needed in order to write Gder
as a restriction of scalars of some simply-connected absolutely simple
L+-group, and without any loss of generality this field is an extension of
degree f over Q. Observe also that the choice of ι induces a continuous
embedding of Ep into K(Fpf ), where p is a prime of E over p, and
notice that the degree of Ep over Qp is at least five, in fact if X
+ is
irreducible, then E contains the whole splitting field R+ of L+, so that
Ep = K(Fpf ).
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The unramified inertness of p in L+ is equivalent to Gal(R+/Q) =
{idR+ , ϑ, . . . , ϑf−1}Gal(R+/L+), where ϑ ∈ Gal(R+/Q) stands for a
Frobenius element of the Q-extension R+ (N.B.: this is independent
of choosing L+ →֒ R+). Thus, on the one hand Chebotarev’s theorem
implies that under the assumptions of theorem 1.1 we can apply it
also to a set of positive density of other rational primes, but on the
other hand our proof of theorem 1.1 does not make it easy to compare
the results for two different primes. Nevertheless, we do expect that
our models KpM agree with the scalar extensions to W (Fpf ) of the
conjectured integral canonical models KpKpMp for all such p, we hope
to come back to this problem in a future paper.
Our Methods: Very much unlike Kisin’s and Vasiu’s work, our construc-
tion of KpM sheds no light on its conjectural but natural interpretation
as a moduli space of "polarized motives with G-structure", but instead
relates its special fiber
(3) KpM = KpM×W (F
pf
) Fpf ,
to the subject of pathological additional structures on abelian varieties,
which was pioneered e.g. in [21, Chapter 9]. More specifically, our
roundabout proof of theorem 1.1 is preceded by the construction of a
family of intermediary moduli schemes
(4) KpM˜ → KpM→ K˜pU → Ag,n,
whose definitions depend on many choices. At least in principle KpM
is an intersection of a carefully chosen PEL-type Shimura subvariety
of Ag,n with the canonical integral model K˜pU of an auxiliary Shimura
subdatum (G˜, X˜) →֒ (GSp(2g), h±g ) of Hodge type. The classification
of the endomorphism algebras of a point on a Shimura subvariety is a
classical but still unexplored subject, cf. [42], [39]. The scheme KpM˜
plays the role of a provisional candidate for the variety (3), and the
morphism on the left hand-side of (4) turns out to be radicial and fi-
nite, moreover one can show that the generic fiber of KpM is emtpy.
An analogous moduli problem can be put in the category of p-divisible
groups, which is used to introduce a certain fpqc-stack B together with
a p-adically formally étale 1-morphism KpM → B, which is easily de-
fined by the ’passage to the underlying p-divisible group’. The number
g is quite large, in the special case of a group G of type E7 our con-
struction uses g = 25.650f , and due to the condition (ii) the number
f is at least [Ep : Qp] ≥ 6.
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Before we give further details we would like to remark that inte-
gral canonical models and their special fibers are expected to sat-
isfy many other nice properties. For every Qp-rational representation
ρ : G×QQp → GL(V/Qp), for instance, there should exist a F -isocrystal
FibCris(ρ) (in the sense of e.g. [48, VI.3.1.3]) over KpM, and every
Kp-invariant lattice in V should determine a natural non-degenerate
F -crystal (in the sense of e.g. [48, VI.3.1.1]) in a suitable Tate twist of
FibCris(ρ). At least for every closed point x ∈ KpM one expects that
the completed localW (Fpf )-algebra OˆKpM,x is determined by such crys-
talline data, and should ideally prorepresent a functor of “crystals with
additional structure”, see e.g. [12, Théorème(2.1.7), Théorème(2.1.14)]
for the ordinary SO(19, 2)-case, but also [54, 3.2.7 Remarks 8b)] and
[36, Proposition(4.9)], for the general case. In this optic it seems to
be reasonable to try to construct KpM together with the most general
crystalline objects that might exist over it. It is one of the stand-
points of the present paper that such should be decoded in a p-adically
formally étale 1-morphism
(5) KpMˆ → B(Gp, µp),
where the left hand-side is theW (Fpf )-functorR 7→
{
∅ Q⊗ R 6= 0
KpM(R) otherwise
and the right hand-side is a certain fpqc-stack over W (Fpf ), which
should only depend on the reductive Zp-model with Kp = Gp(Zp),
and on the minuscule cocharacter associated with the Shimura-datum.
In subsection 3.2 of this paper, we suggest a natural definition for
B(Gp, µp), which seems to work well at least for those pairs (Gp, µp)
for which every simple factor of Gad ×Q Qp contains a simple factor of
Gad ×Q Eacp in which µp is trivial (N.B.: this implies that every simple
factor of Gad contains a compact simple factor of Gad ×Q R and the
only PEL-cases with this property are unitary groups).
We next introduce a map
(6) Flex : B(Gp, µp)×W (F
pf
) Fpf → B×W (Fpf ) Fpf
which is, rougly speaking a formal analog of the left hand-side mor-
phism in (4). This adds a lot of content to the whole picture, and it
gives us a clue to construct KpM as the largest Fpf -variety fitting into
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a 2-commutative diagram
B(Gp, µp)×W (F
pf
) Fpf ←−−− KpM
Flex
y y
B×W (F
pf
) Fpf ←−−− KpM×W (Fpf ) Fpf
with a formally étale map to B(Gp, µp)×W (F
pf
)Fpf and a radicial map to
KpM×W (F
pf
)Fpf . With an eye towards (5) we move on to describe KpM
as a lift of KpM. In the holomorphic category there exists a period
map from the universal covering space to the associated symmetric
Hermitian domain of compact type. Our investigation of this map
(and its image) follows [52] very closely and completes the proof of
theorem 1.1, see also [40]. In a future paper we hope to compute the
group Kp.
Displays: In section 3 we introduce the stacks B(Gp, µp) for a certain
class of cocharacters of smooth affine group Zp-schemes Gp with con-
nected fibers. The idea is to incorporate “additional structures” into
Zink’s notion of a 3n-display [60] in such a way that one recovers the
displays (P,Q, F, V −1) of height h and dimension d for the special case
of the cocharacter
µp : Gm → GL(h); z 7→ diag(
d︷ ︸︸ ︷
z, . . . , z,
h−d︷ ︸︸ ︷
1, . . . , 1).
At least over a local ring a 3n-display (P,Q, F, V −1) possesses a normal
decomposition P = T ⊕ L and bases e1, . . . , ed of T and ed+1, . . . , eh
of L relative to which there are structural equations
∑h
i=1 αi,jei ={
Fej j ≤ d
V −1ej j > d
, and hence an invertible h× h-display matrix (αi,j) =
U , cf. [60, Lemma 9]. Suppose that U ′ is the matrix of another display
(P ′, Q′, F, V −1) of possibly different height h′ and dimension d′, again
taken with respect to a normal decomposition, and a choice of its bases.
A linear map from P ′ to P can be visualized as h× h′-matrix over the
ring of Witt vectors with a block decomposition
(
A B
C D
)
of which the
upper left block A has d rows and d′ columns. This map is a morphism
P ′ k→ P in the category of 3n-displays if and only if:
(i) the entries in B are Witt vectors with vanishing 0th ghost com-
ponent, and
(ii) U−1
(
A B
C D
)
U ′ =
(
FA V
−1
B
pFC FD
)
holds.
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It is enough to check the commutation of k with the maps V −1 on Q
and Q′ and these are given by U and U ′ precomposed with
(
x
y
)
7→(
V −1x
Fy
)
. In particular the isomorphism classes of displays of height h
and dimension d are simply the Witt vector-valued elements of GL(h)
modulo the equivalence relation
k−1UΦµp(k) ∼ U,
here we write Φµp(k) for the right hand side of (ii), which is well-defined
if the condition (i) on the upper right block of k is valid. In subsection
3.1 we show that a similar map Φµp exists on the inverse image in the
Witt-vector valued elements of Gp of the parabolic subgroup which is
defined by µp. This gives rise to a definition of a fpqc-stack B(Gp, µp)
of 3n-displays with Gp-structure, in a rather mechanical manner. An
object which is globally represented by a Witt-vector valued element of
Gp is called a banal 3n-display with Gp-structure (and every 3n-display
is fpqc-locally banal). For a frame (A, J, τ) we also introduce certain
groupoids BˆA,J(Gp, µp), which we think of companion notions to Zink’s
theory of windows [59]. Do notice however, that the functor BT of [60,
3.1] has absolutely no analog in any of these settings.
In subsection 3.5 we introduce a p-adic deformation theory for a
certain full subcategory B′(Gp, µp) of displays with additional struc-
ture: It turns out that there is a canonical vector-bundle over the
whole of B(Gp, µp) such that the lifts of some fixed S/a-valued point
of B′(Gp, µp) (where a2 = 0 and Q ⊗ S = 0) form a non-empty prin-
cipal homogeneous space under the group of a-valued points of that
vector bundle, see corollary 3.27. Along the same lines it follows that
the diagonal of B′(Gp, µp) is representable by affine p-adically formally
unramified morphisms, in fact this kind of rigidity result has to be
checked before the previous one makes any sense, see corollary 3.26
and the earlier lemma 3.18. As another consequence of this one obtains
most easily that the deformation functor of B(Gp, µp) to any point of
B′(Gp, µp) with values in a perfect field k (with char(k) = p), is “effec-
tively prorepresentable” by a universal deformation over a power series
ring W (k)[[t1, . . . , td]] (cf. corollary 3.29). The second part of section
3.5 computes the generic Newton-polygon of the universal equichar-
acteristic deformations over k[[t1, . . . , td]], and it applies this to obtain
another technical result, which is later on needed for the determination
of the monodromy of the period map.
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The subsection 8.2 constructs a provisional version KpM˜ of the envis-
aged special fiber KpM. The passage to the actual special fiber and its
lift KpM are explained in subsection 8.5, the former makes significant
use of the whole of the lengthy section 5, and the latter is a simple con-
sequence of our deformation theory (in particular subsubsection 3.5.2).
The relation between KpM and KpM is reminiscent of the work [57],
which identifies the good reduction of several GL(2)-cases, as strata in
the special fiber of a Hilbert-Blumenthal-style moduli problem of bad
reduction.
Generalization: While KpM uses the machinery of the whole paper, we
find it worthy of remark, that in the construction of KpM˜ it is enough to
work with slightly weaker properties, allowing us to treat some cases
of non-minuscule cocharacters µp (cf. subsubsection 8.2.2). Perhaps
unsurprisingly KpM˜ does not seem to be proper in these cases, and
we hope to be able to exhibit a (perhaps even G(A∞,p)-equivariant?)
compactification in a future paper (cf. remark 8.17). Suppose for
example, that f ≥ 5 and that G is a Qp-unramified and simple Q-
group of type G2 with f simple factors over K(Fpf ) and suppose that
µp is trivial in f − 1 of them, but lies in the principal SL(2) of the
remaining one, then I would expect the existence of a compactification,
of which the boundary has codimension one in KpM˜ and might look
like G/P , where P is the parabolic subgroup associated to µp (please
consult remark 6.14 for the number dimKpM˜). Beyond this one might
raise question such as:
• Is "Deligne’s philosophy" applicable to KpM˜ , i.e. do its k-valued
points parametrize (some subset of the set of) levelled and po-
larized k-motives with G-structure?
• Can one give a description of KpM˜(Fpaf ) in the spirit of the
Langslands-Rapoport conjecture?
The ℓ- monodromy group of the universal abelian scheme over KpM˜
seems to be G×Q Qℓ, cf. [5].
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2. Preliminaries
This section contains most basic notions and should be consulted
only when needed.
2.1. Functors. We let Set be the category of sets, and we let AlgX
be the usual category structure on the class of pairs consisting of a
commutative ring R together with a morphism from its spectrum to
some fixed base scheme X. Any covariant functor from AlgX to Set
will simply be called a X-functor. Notice that every morphism φ from
a (not necessarily affine) scheme Y to the scheme X gives rise to an X-
functor, and that the set of X-morphisms between any two X-schemes
can be recovered from the functorial transformations between their
X-functors. In this optic every X-scheme “is” (i.e. represents) a X-
functor. We use the term X-category synonymously with fibrations
over AlgopX , and a X-groupoid is a X-category none of whose fibers
have any non-invertible morphisms, and for an arbitrary X-category
C we write C ∗ for the X-groupoid, all of whose fibers are obtained
from C (R) by discarding all non-invertible morphisms. A X-groupoid
C is called discrete if no object of C (R) possesses non-trivial automor-
phisms (i.e. "is" a X-functor).
Moreover, for any AlgY -object R we let R[φ] ∈ ObAlgX stand for the
altered algebra-structure on the same underlying ring, and for any X-
category C we denote the pull-back along a morphism φ (i.e. C×AlgopX ,[φ]op
Alg
op
Y ) by: C ×X,φ Y , we suppress the “φ” in the notation whenever
the context allows to do that. For every R ∈ ObAlgX we shall denote
the fiber of a X-category C over R by C (R), while CR should stand
for the SpecR-category C ×X SpecR. The same notation applies to
any X-functor F , we write F ×X,φ Y for the Y -functor defined by
AlgY → Set ;R 7→ F(R[φ]), while FR stands for F ×X SpecR.
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By a fpqc-covering we simply mean any faithfully flat morphism in the
category AlgopX . By the big fpqc-site Xfpqc we mean Alg
op
X equipped
with the Grothendieck topology induced by the above class of cover-
ings. For instance, a fpqc-sheaf on X is a X-functor F such that the
sequence F(R) → F(S) ⇒ F(S ⊗R S) is exact for all faithfully flat
X-algebra morphisms R→ S. Moreover, the notions of X-stacks, and
the stacks in groupoids over the site Xfpqc will be used synonymously.
2.2. Witt-vectors and Greenberg Transforms. By means of the
usual addition and multiplication one can regard A1 as a ring scheme
over Z. Now pick a prime number p and recall the ring scheme of Witt
vectors: Its underlying scheme is SpecZ[x0, x1, . . . ], on which there
exists a unique ring schemes structure W which makes each of the
so-called ghost coordinates
wk : SpecZ[x0, x1, . . . ]→ A1; (x0, x1, . . . ) 7→
k∑
i=0
pixp
k−i
i
into a homomorphism from the ring scheme W to the ring scheme A1.
The additive map V : W → W ; (x0, x1, . . . ) 7→ (0, x0, . . . ) is called the
Verschiebung, and there also exists a unique Frobenius homomorphism:F :
W → W , such that wk ◦ F = wk+1 for all k ∈ N0. Notice that
F (V (x)) = px and V (xF (y)) = yV (x) hold for any two Witt-vectors x
and y. We will write Im ⊂ W for the closed subscheme defined by the
equations x0 = · · · = xm−1 = 0, and I for I1. One also writes [x] for
the Teichmüller lift, which is the Witt-vector (x, 0, . . . ). We will need
the following:
Lemma 2.1. Suppose that R is a commutative ring. If p ∈ rad(R)
then rad(W (R)) is equal to the inverse image of rad(R) via the 0th
ghost coordinate.
Proof. By a limit process it is enough to prove that Im(R)/Im+1(R) is
contained in rad(W (R)/Im+1(R)) for all m, which is implied by
(1 +V
m
[x])(1−Vm [ x
1 + pmx
]) ∈ 1 + Im+1(R)
for all x ∈ R. 
If C is a SpecW (Fpr)-category, then we introduce further SpecW (Fpr)-
categories FC and WC by defining their fibers over an arbitraryW (Fpr)-
algebra R to be:
FC (R) = C (R[F ])
WC (R) = C (W (R)),
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where the W (Fpr)-algebra structure on W (R) is induced by the diago-
nal∆ : W (Fpr)→ W (W (Fpr)). Likewise a fibered SpecW (Fpr)-functor
ρ : C → E gives rise to fibered SpecW (Fpr)-functors Fρ : FC → FE ,
and Wρ : WC → WE . The SpecW (Fpr)-categories FWC and WFC are
canonically SpecW (Fpr)-equivalent, which is due to the commutativity
of:
W (W (Fpr))
F−−−→ W (W (Fpr))
∆
x ∆x
W (Fpr)
F−−−→ W (Fpr)
.
Finally, notice that there are canonical SpecW (Fpr)-functors
F : WC → WFC(7)
w0 :
WC → C(8)
induced by the W (Fpr)-linear maps F : W (R) → W (R)[F ] and w0 :
W (R)→ R. Both F andW commute with base change alongW (Fpr)→
W (Fpf ), where f is a multiple of r, in particular it does not cause con-
fusion to denote W (CW (F
pf
)) = (
WC )W (F
pf
) by
WCW (F
pf
) while
WCF
pf
is shorthand for nothing but (WC )F
pf
. The following representability
results are relevant in this paper:
• The special fiber of WTors(GL(n)W (Fpr )) coincides with Tors(WGL(n)Fpr ).
• If C is representable by a SpecW (Fpr)-scheme, then so is WCFpr ,
in fact the latter is relatively affine over the special fiber of C
(via the special fiber of (8)).
• If C is representable by an affine SpecW (Fpr)-scheme, then so
is WC .
The last of these statements results from applying Freyd’s adjoint func-
tor theorem to AlgSpecW (Fpr ) → AlgSpecW (Fpr );R 7→ W (R), the first
statement results from Zink’s theory of Witt descent ([60, Proposition
33]) and the one in the middle follows from lemma 2.1. The assignment
C 7→ WC seems to have originated in [16].
2.3. Weil Restriction. Let X be aW (Fpr)-scheme, and suppose that
∆ is an abstract group acting on X from the right. By an equivari-
ant right ∆-action φ on some X-functor P we mean a family of maps
φR(g) : P (R) → P (R[g]) for every g ∈ ∆ and R ∈ ObAlgX which sat-
isfy φR[g](h) ◦ φR(g) = φR(gh) for every h ∈ ∆ and are compatible
with the restriction maps, in the sense that |S[g] ◦ φR(g) = φS(g) ◦ |S
holds for every R-algebra S (N.B.: If P is representable by a scheme,
this just means that P and X have compatible ∆-actions, from the
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right). In addition, suppose that ∆ acts from the right on some fpqc-
sheaf of groups G over SpecW (Fpr). We say that P is a ∆-equivariant
formal principal homogeneous space for G over X, if we are given a ∆-
equivariant map of fpqc-sheaves P×W (Fpr )G → P endowing P with the
structure of a formal principal homogeneous space for G over X in the
usual sense (N.B.: If P and G are representable by W (Fpr)-schemes,
this just means that the ∆-action on the former extends to an action of
the semidirect product G⋊∆ such that every non-empty P (S) becomes
a principal homogeneous G(S)-set).
We also need some notation for Weil restriction: Let us fix a finite
field extension Fpr ⊂ Fps, and recall that any W (Fps)-functor F gives
rise to its Weil restriction ResW (Fps)/W (Fpr )F , which is the W (Fpr)-
functor given by R 7→ F(W (Fps)⊗W (Fpr )R), and similarly any W (Fps)-
functorial transformation ρ : E → F gives rise to a corresponding trans-
formationResW (Fps)/W (Fpr ) ρ between theW (Fpr)-functors ResW (Fps)/W (Fpr ) E
and ResW (Fps)/W (Fpr )F . Finally notice the canonical isomorphisms:
F (ResW (Fps)/W (Fpr )F)
∼=→ ResW (Fps)/W (Fpr ) FF
W (ResW (Fps)/W (Fpr )F)
∼=→ ResW (Fps)/W (Fpr )(WF),
which are induced from the two natural isomorphisms:
W (Fps)⊗W (Fpr ) R[F ]
∼=→ (W (Fps)⊗W (Fpr ) R)[F ]; a⊗ x 7→ F (a)⊗ x,
as well as
W (Fps)⊗W (Fpr ) W (R)
∼=→W (W (Fps)⊗W (Fpr ) R).
Let ∆ be the cyclic group rZ/sZ. If F commutes with products, then
there are canonical isomorphisms:
(ResW (Fps)/W (Fpr )F)×W (Fpr ) W (Fps) ∼=
∏
σ∈∆
F−σF
Composing×W (Fpr )W (Fps) and ResW (Fps)/W (Fpr ) in the other order yields
∆-equivariant W (Fpr)-functors ResW (Fps)/W (Fpr ) PW (Fps) equipped with
a transformation P → ResW (Fps)/W (Fpr ) PW (Fps) from arbitrary W (Fpr)-
functors P . A SpecW (Fpr)-group, G gives rise to a ∆-equivariant
SpecW (Fpr)-group ResW (Fps)/W (Fpr ) GW (Fps) containing G as a closed
subgroup, and we have the following lemma:
Lemma 2.2. For every flat and affine W (Fpr)-group G, the functor
P 7→ ResW (Fps)/W (Fpr ) PW (Fps)
defines an equivalence from the category of locally trivial principal ho-
mogeneous spaces for G over X to the category of ∆-equivariant locally
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trivial principal homogeneous spaces for ResW (Fps)/W (Fpr ) GW (Fps) over
X, where ∆ acts trivially on X.
Proof. This follows from the mere fact, that Tors(G) is a SpecW (Fpr)-
stack. 
3. Windows and 3n-Displays with additional structure
In this section we introduce the groupoids of windows and 3n-displays
with additional structure. For utmost comfort of the reader we recall
the following:
Definition 3.1. A directed graph consists of set A with an automor-
phism r satisfying r = r−1 and two endomorphisms s and t satisfying
s = r ◦ s = s ◦ s = t ◦ s = t ◦ r and t = r ◦ t = t ◦ t = s ◦ t = s ◦ r. A
groupoid is a directed graph together with a commutative diagram
A×s,A,t A p−−−→ A
t×s
y ∆Ay
A×A t×s←−−− A×A
satisfying s(x) = p(r(x), x), t(x) = p(x, r(x)) for all x ∈ A and
p(p(x, y), z) = p(x, p(y, z)) whenever s(x) = t(y) and s(y) = t(z) hold.
A groupoid is called discrete if A → A × A; x 7→ (s(x), t(x)) is an
injection.
In category theoretic terms, every element of ObA = {x ∈ A|x =
r(x) = s(x) = t(x)} plays the role of an object, while every x ∈ A
plays the role of an isomorphism from s(x) to t(x), of which the in-
verse is r(x), and any small categroy without non-invertible morphisms
arises from at least one groupoid. Notice also, that the r, s, t, and p
preserving maps from A to another groupoid are nothing but the co-
variant functors between the respective categories. Finally, notice that
every group is a groupoid.
Example 3.2. Let M be an abstract monoid, let Γ be a subgroup
thereof, and let φ : Γ → M be a morphism of monoids. On the set
A =M × Γ we consider the functions:
s : A → A; (U, k) 7→ (k−1Uφ(k), 1)
t : A → A; (U, k) 7→ (U, 1)
r : A → A; (U, k) 7→ (k−1Uφ(k), k−1)
so that one finds A2 ⊃ {((U, k), (k−1Uφ(k), l))|U ∈ M, k, l ∈ Γ} =
A ×s,A,t A on which we decree p to be given by the pair (U, kl) ∈
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A. In short: Every element k ∈ Γ plays the role of an isomorphism
from k−1Uφ(k) to U . The above will be refered to as the groupoid
corresponding to the diagram M ⊃ Γ φ→M , notice that the projection
to the second coordinate yields an essentially surjective and faithful
covariant functor q : A → Γ (where the latter group is regarded as a
groupoid), and that ObA is equal to the set M × {1}. Finally, suppose
that q′ : A′ → Γ′ is another such functor, where A′ corresponds to, say,
M ′ ⊃ Γ′ φ′→ M ′. Then giving a commutative diagram
A −−−→ A′
q
y q′y
Γ −−−→ Γ′
is equivalent to giving maps γ : Γ → Γ′ and m : M → M ′, satisfying
γ(kl) = γ(k)γ(l) and m(k−1Uφ(k)) = γ(k−1)m(U)φ′(γ(k)). Again, the
functors between the groupoids in this paper will usually be given in
this language, notice that the underlying map from ObA to the class of
objects ObA′ is described by (U, 1) 7→ (m(U), 1)
As a warm-up, we are now going to explain two simple prototypes
of a whole hierarchy of groupoids, that will play a role in this paper.
Fix a torsionfree Zp-algebra A:
Definition 3.3. If τ : A → A is a Zp-linear endomorphism, and G a
smooth and affine Zp-group, then we define BA,τ(G) to be the groupoid
corresponding to the diagram
G(A[
1
p
]) ⊃ G(A) τ→ G(A[1
p
])
(in the sense of example 3.2). Consider a A-rational cocharacter µ :
Gm,A → GA:
• We define BA,τ (G, µ) to be the groupoid corresponding to the
diagram
G(A) ⊃ G(A) ∩ µ(p)G(A)µ(1
p
)
φ→ G(A),
with φ(k) := τ(µ(1
p
)kµ(p)).
• We define hµ : BA,τ(G, µ)→ BA,τ (G) (resp. h0µ : BA,τ (G, µ)→
BA[ 1
p
],τ (G)) to be the functor described by the pair (γ,m) (in the
sense of 3.2) with γ(k) = µ(1
p
)kµ(p) and m(U) = µ(1
p
)U .
Notice that hµ is fully faithful. From now on we require that τ :
A→ A is a lift of the absolute Frobenius, which means that xp ≡ τ(x)
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(mod p) holds for every x ∈ A. Before we embark in more serious
examples to 3.2 we have to state and prove some lemmas:
Lemma 3.4. Let A be a ring without p-torsion, and fix a Frobenius
lift τ , let J ⊂ A be a pd-ideal with p ∈ J , and consider the function
lJ : A→ N0 ∪ {∞}; a 7→ inf{n|τn(a) /∈ pnJ},
so that lJ(a) =
{
1 + lJ(
τ(a)
p
) a ∈ J
0 a /∈ J for every a ∈ A. For a, b ∈ A
one has lJ(a+ b) ≥ min{lJ(a), lJ(b)} and lJ(ab) ≥ lJ(a) + lJ(b).
Proof. The first inequality is clear, and for the second it suffices to
consider the case lJ(a) 6= 0 6= lJ(b), in fact one only has to check the
following assertion: If τ j−1(a) ∈ pj−1J and τk−1(b) ∈ pk−1J hold for
any two positive integers j and k, then τk+j−1(ab) ∈ pk+j−1J holds
too. However, the former implies τ j(a) ∈ pjA and τk(b) ∈ pkA, be-
ing due to τ(J) ⊂ pA, while the latter is implied by τk+j−1(ab) ∈
τk−1(pjA)τ j−1(pkA) ⊂ pk+jA, due to pA ⊂ J . 
We will call lJ(a) the J-length of the element a. Notice, that J0 =
τ−1(pA) is the largest pd-ideal of A, giving rise to
lˆA(a) := lJ0(a) = inf{n|τn(a) 6≡ 0 (mod pn)} − 1,
which we just call the length of a. Also, if A/pA is reduced, then
the length is just the usual p-adic valuation. The significance of the
function lˆA is explained by the following:
Lemma 3.5. Let A be a flat W (Fpf )-algebra. Suppose that the homo-
morphism τ : A → A[F ] is W (Fpf )-linear and lifts the absolute Frobe-
nius. Let G be a smooth and affine W (Fpf )-group, fix a positive integer
h, and let µ : Gm,W (F
pf
) → G be a cocharacter of triangular type all
of whose weights are less than or equal to h (in the sense of definition
C.2).
• The image of the subgroup Uˆ0µ−1(A, lˆA) of G(A[1p ]) under the
homomorphism defined by:
Φˆµ,hA : G(A[
1
p
])→ (FhG)(A[1
p
]); g 7→ τh(µ(1
p
)gµ(p))
is contained in the subgroup (F
hG)(A) of (FhG)(A[1
p
]).
• If A/pA is reduced, then {g ∈ G(A)|Φˆµ,hA (g) ∈ (F
hG)(A)} =
Uˆ0µ−1(A, lˆA) holds.
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Proof. Notice that A = A[1
p
] ×(1+pA)−1A[ 1
p
] (1 + pA)
−1A, for example
because A → A[1
p
] ⊕ (1 + pA)−1A is faithfully flat. Furthermore, it is
easy to see that:
Uˆ0µ−1(A, lˆA) =
G(A)×G((1+pA)−1A) Uˆ0µ−1((1 + pA)−1A, lˆA) =
G(A[1
p
])×G((1+pA)−1A[ 1
p
]) Uˆ
0
µ−1((1 + pA)
−1A, lˆA).
So we may assume p ∈ rad(A), without loss of generality. This puts
us into a position where we are allowed to deduce the first statement
from the theorem C.4.
Under the additional assumption of the reducedness of A/pA one has
G(A) = {g ∈ G(A[1
p
])|τh(g) ∈ (FhG)(A)}. Thus, in order to prove
the second statement, all we have to check is G(A) ∩ µ(p)G(A)µ(1
p
) =
Uˆ0µ−1(A, lˆA), which can easily be deduced (cf. lemma C.1) from the
special case GL(n). 
3.1. Definition of Iµ and Φµ and Iµ,h and Φµ,h. For an ideal a in
a ring R, one denotes the kernel of W (R) → W (R/a) by W (a). One
would like to understand the structure of W (a) as a W (R)-module,
and it turns out that this is possible, provided that a is equipped with
divided powers γi : a→ a (i ∈ N): In this case Zink defines logarithmic
ghost coordinates w′k := xk +
∑k−1
i=0 (p
k−i − 1)!γpk−i(xi) on W (a), and
proves that the map:
(9) W (a)
∼=→
∏
k∈N0
a[wk]; (x0, x1, . . . ) 7→ (w′0, w′1, . . . ),
is an isomorphism of W (R)-modules, see [60, section 1.4] for more
details (and [41, Section 1] for the dual number case). By slight abuse
of notation, we will still write a[wi] and
⊕
k∈N0 a[wk], etc. for any W (R)-
subideals of W (a) that arise by transport of structure via (9) from the
respective W (R)-submodules of
∏
k∈N0 a[wk]. In particular, we will use
the canonical splitting
W (a) = a⊕ I(a),
derived from that, as well as the very interesting map V −1a : W (a) +
I(R)։W (R) defined by V −1 on I(R) and by 0 on a (cf. [60, Lemma
38])
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Lemma 3.6. Let a ⊂ R be a pd-ideal containing the element p, and
consider the function
v˜a :W (R)→ N0 ∪ {∞}; (x0, x1, . . . ) 7→ inf{n|xn /∈ a},
so that v˜a(x) =
{
1 + v˜a(V
−1
a x) x ∈ W (a) + I(R)
0 otherwise
holds for every x ∈
W (R). For any x, y ∈ W (R) one has v˜a(x + y) ≥ min{v˜a(x), v˜a(y)}
and v˜a(xy) ≥ v˜a(x) + v˜a(y)
We will call v˜a(x) the Va-adic valuation of x. The corresponding
chain of ideals is just W (a) + Im(R) = {x ∈ W (R)|m ≤ v˜a(x)}. This
defines a filtration on W (R) in the sense of part C of the appendix,
only if and if p1R is an element of a.
Remark 3.7. IfW (R) has no p-torsion, then we haveW (a)+Im+1(R) =
{x ∈ W (a) + Im(R)|Fmx ∈ pm(W (a) + I(R))} for any m, so that
v˜a = lW (a)+I(R) holds for any pd-ideal a containing p.
For the special case p1R = 0R only, we would also like to define the
V -adic valuation of x being vR(x) := v˜0R(x). The following corollary
elucidates the significance of the function vR, please see subsection C.1
for the definition of the endomorphism Lµ−1(p):
Corollary 3.8. Let the assumptions on the W (Fpf )-group G, on the
cocharacter µ : Gm,W (F
pf
) → G and on h ≥ 1 be as in lemma 3.5,
and choose a µ-basis of additive 1-parameter subgroups ǫ1, . . . , ǫd :
Ga,W (F
pf
) → G of weights 0 < h1 ≤ · · · ≤ hd−1 ≤ hd ≤ h as in definition
C.2. Let us write Iµ for the Fpf -scheme representing the closed sub-
group functor of WGF
pf
defined by R 7→ Uˆ0µ−1(W (R), vR). Then there
exists a unique homomorphism Φ
µ,h
: Iµ → WFhGF
pf
which restricts to
F h ◦ WLµ−1(p) on the special fiber of the subgroup WU0µ−1 and satisfies
Φ
µ,h ◦ W ǫi|Ihi = (WF
h
ǫi) ◦ F h−hiV −hi for each i.
Assume in addition that h = 1, and let us write Iµ = U0µ−1 ×G WG
for the closed W (Fpf )-subgroup scheme of
WG obtained as the inverse
image of the subgroup U0µ−1 of G. Then there exists a unique homomor-
phism Φµ : Iµ → WFG which restricts to F ◦WLµ−1(p) on the subgroup
WU0µ−1 and satisfies Φ
µ ◦ W ǫi|I = (WF ǫi ◦ V −1) for each i. Finally, one
has IµF
pf
= Iµ and the restriction of Φµ to the special fibre coincides
with Φ
µ,1
.
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Proof. Whenever pR = 0 (resp. h ≤ 1), holds we denote the effect
of the envisaged transformations Φ
µ,h
(resp. Φµ) on the group of R-
valued points by Φ
µ,h
R : I
µ
(R) → (FhG)(W (R)) (resp. ΦµR : Iµ(R) →
(FG)(W (R))). The asserted representabilities of the functors Iµ and
Iµ are immediate consequences of theorem C.4, in fact the description
given there shows, that both of these group schemes are reduced and
that Iµ is flat over W (Fpf ). Therefore, it is enough to construct Φµ,hR
(resp. ΦµR) on the full subcategory of all reduced Fpf -algebras (resp.
torsionfree W (Fpf )-algebras). In either setting this is accomplished by
lemma 3.5 and remark 3.7. 
Remark 3.9. Note that we have W ZGF
pf
⊂ Iµ for h ≥ 1, and W ZG ⊂ Iµ
in case h = 1, moreover the restriction of Φ
µ,h
(resp. Φµ) to these
subgroups is equal to F h.
Remark 3.10. Apart from reducedness and flatness, the theorem C.4
reveals a little bit more about the structure of the groups Iµ and Iµ:
Let us write Hm for the W (Fpf )-scheme representing the closed sub-
group functor of WG defined by R 7→ G(Im(R)). For every m ≥ h there
are short exact sequences:
1→Hm,F
pf
→ Iµ → Iµm → 1
1→ Hm → Iµ → Iµm → 1,
with, say Iµm reading: U0µ−1(W (R)/Im(R))
∏d
i=1 ǫi(Ihi(R)/Im(R)) (again
using the language of theorem C.4). It follows that Iµ and Iµ can be
written as the limits of projective systems consisting of our smooth
group schemes Iµm and Iµm, together with the natural smooth transi-
tion maps Iµm+1 → Iµm and Iµm+1 → Iµm. In any case, the canonical
projections Iµ → Iµm and Iµ → Iµm are flat and formally smooth mor-
phisms of flat and formally smooth schemes. Note that neither Iµ nor
Iµ is of finite type.
We need to spell out the analogous facts applying to the structure of
some locally trivial principal homogeneous space E for Iµ (resp. Iµ)
over a scheme X, we write Em for the level-m truncation, i.e. E×I
µ Iµm
(resp. E ×Iµ Iµm):
(i) The canonical maps Em+1 → Em are smooth morphisms of
smooth X-schemes for all m ≥ h.
(ii) We have a canonical isomorphism E ∼= lim←Em.
(iii) The canonical projections E → Em are flat and formally smooth
morphisms of flat and formally smooth X-schemes.
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Statement (i) follows from [19, Proposition (2.7.1.iv)] in conjunction
with [19, Proposition (17.7.1)]. Statement (ii) follows from [19, Propo-
sition (8.2.5)]. Statement (iii) follows from an elementary argument,
and [19, Proposition (2.7.1.viii)].
One more piece of terminology will prove useful: We denote theW (Fpf )-
group U0µ−1 by Iµ0 , we write I
µ
0 for its special fiber, and we call E×I
µ Iµ0
(resp. E ×Iµ Iµ0 ) the level-0 truncation of the X-valued point E of
Tors(Iµ) (resp. Tors(Iµ)).
3.1.1. Extensions of Φµ and Φ
µ,h
. Let G be a smooth and affineW (Fpf )-
group, and let µ : Gm,W (F
pf
) → G be a cocharacter of triangular type
all of whose weights are less than or equal to h (cf. definition C.2). Let
a be a pd-ideal in a W (Fpf )-algebra R. If h ≤ 1 or p ∈ a holds, we may
define a group J µa ⊂ G(W (R)) to be the inverse image of whichever
of Iµ(R/a) or Iµ(R/a) is defined (N.B.: Iµ is the special fiber of Iµ,
if it exists). For the deformation theory of displays with additional
structure we need to discuss certain extensions of the maps ΦµR and
Φ
µ,h
R , our starting point for this is the following:
Corollary 3.11. Let G be a smooth affine W (Fpf )-group, and let µ :
Gm,W (F
pf
) → G be a cocharacter of triangular type, all of whose weights
on g are less than or equal to h, and let a be a pd-ideal in a W (Fpf )-
algebra R.
• If h ≤ 1, then the restriction of ΦµR to Iµ(R) ∩ G(a) is trivial.
• If pR = 0, then the restriction of Φµ,hR to I
µ
(R)∩∏h−1i=0 G(a[F i])
is trivial.
Proof. Just as in the proof of lemma 3.5, it is harmless to assume
p ∈ rad(R), in which case we have a[F j ] ⊂ rad(W (R)) too (cf. lemma
2.1). We infer G(a[F j ]) = U0µ−1(a[F j])U1µ(a[F j ]), and so we obtain that
Iµ(R) ∩∏h−1i=0 G(a[F i]) is generated by the groups U0µ−1(a[F j]) (for any
j ∈ [0, h − 1]) together with ǫi(a[F j ])) (for any j ∈ [hi, h − 1]) while
Iµ(R) ∩ G(a) = U0µ−1(a) (for h = 1 only). In all cases one can check
the requested vanishing of Φ
µ,h
R and Φ
µ
R from the properties mentioned
in the corollary 3.8, here notice that F h−hiV −hi vanishes on the ideal⊕h−1
j=hi
a[F j ]. 
Remark 3.12. Let g be the Lie-algebra of G. If the square of the ideal
a in the previous lemma vanishes, then one has the isomorphisms:
h−1∏
i=0
G(a[F i]) ∼=
h−1⊕
i=0
a⊗F i,W (F
pf
) g ∼= a⊗W (F
pf
)
h−1⊕
i=0
F ig,
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where F
i
g denotesW (Fpf )⊗F i,W (F
pf
)g. In view of this, one recovers the
subgroup Iµ(R)∩∏h−1i=0 G(a[F i]) to be given by a⊗W (Fpf )⊕h−1i=0 F i Fil−iµ−1 g.
Furthermore, if fi := g/Fil
−i
µ−1 g, then we obtain a canonical isomor-
phism from G(W (a))/(Iµ(R) ∩ G(W (a))) to a⊗W (F
pf
)
⊕∞
i=0
F ifi.
Definition 3.13. Let G be a smooth and affine W (Fpf )-group, and
let µ : Gm,W (F
pf
) → G be a cocharacter of triangular type all of whose
weights are less than or equal to h > 0. Let a be a pd-ideal in a W (Fpf )-
algebra R. Assume that at least one of the conditions:
(i) h = 1
(ii) pR = 0
(iii) p ∈ a and R is torsionfree.
holds. Then we define a homomorphism
Ψµ,ha : J µa → (F
hG)(W (R))
as follows: If h = 1, we let Ψµ,ha be the unique extension of Φ
µ
R which
vanishes on G(a). If pR = 0, we let Ψµ,ha be the unique extension of
Φ
µ,h
R which vanishes on
∏h−1
i=0 G(a[F i]). Finally, if R is torsionfree and
p ∈ a holds, then we let Ψµ,ha be the restriction of Φˆµ,hW (R) to the subgroup
Uˆ0µ−1(W (R), v˜a) (cf. lemma 3.5).
Notice that in the case (i) (resp. (ii)) the formula Iµ(R)G(W (a)) =
J µa (resp. I
µ
(R)G(W (a)) = J µa ) holds, but that we have Uˆ0µ−1(W (R), v˜a) =
J µa in the (iii) case (while none of “Iµ(R)” or “Iµ(R)” are well-defined).
Remark 3.14. Subsubsection 3.5.1 is going to use Lie-theoretic analogs
of J µa and Ψµ,ha , namely
jµa := Fˆil
0
AdG ◦µ−1(g,W (R), v˜a)(10)
ψµ,ha : j
µ
a →W (R)⊗Fh,W (Fpf ) g,(11)
which we define by F h−mV −ma on (W (a)+ Im(R))⊗W (Fpf ) gm for every
non-negative weight m, and simply by p−mF h on all summands of µ-
weightm ≤ 0. One recovers the map jµa⋊J µa ; (X, k) 7→ (ψµ,ha (X),Ψµ,ha (k))
when working with g⋊ G in the definition 3.13.
3.1.2. Crystals. At last, we wish to spell out the sheaf theoretic char-
acter of the previous constructions: A triple (R, a, γ) is called a pd-
thickening (of R/a) if γ is a divided-power structure on a nilpotent
ideal a in a ring R, in which p is nilpotent. Fix a Wν(Fpf )-scheme X,
for some ν ∈ N ∪ {∞}. As in [1, 1.1], we define (X/Wν(Fpf ))cris to
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be the opposite of the obvious category structure on the class of pd-
thickenings (R, a, γ) that are equipped with the following additional
data:
• a morphism from Wν(Fpf ) to R preserving the canonical di-
vided powers on pW (Fpf ) (with respect to a necessarily unique
extension of γ to pR + a),
• a morphism from SpecR/a to X, such that the diagram
SpecR/a −−−→ SpecRy y
X −−−→ SpecWν(Fpf )
commutes.
We choose to endow (X/Wν(Fpf ))cris with the crystalline fpqc-topology,
which is induced from the big fpqc-site (SpecWν(Fpf ))fpqc, by means
of the important functor (cf. [1, Lemme 1.1.2]):
(12) (X/Wν(Fpf ))cris → (SpecWν(Fpf ))fpqc; (R, a, γ) 7→ R.
This has the consequence that the composition of any fpqc-sheaf F
on SpecWν(Fpf ) with the said functor gives automatically a sheaf on
(Wν(Fpf )/Wν(Fpf ))cris, and we will denote it by: Fcris. Recall the con-
cept of a crystal H over (X/Wν(Fpf ))cris taking values in some fibration,
say C
G→ (SpecW (Fpf ))fpqc, being a functor from (X/Wν(Fpf ))cris to
C such that:
(i) H := G ◦H is isomorphic to (12), and
(ii) the image under H of any (X/Wν(Fpf ))cris-morphism w from V
to U induces an isomorpism H(V )
∼=→ H(U)×H(U),H(w) H(V ).
The last condition is very essential and means thatH is a (X/Wν(Fpf ))cris-
valued cartesian section (cf. [30, Chapter III, Definition(3.6)]), observe
that it entails the implication H(w′) = H(w) ⇒ H(w′) = H(w) for
all other (X/Wν(Fpf ))cris-morphisms w
′ : V → U . Finally note that
a crystal over (X/Wν(Fpf ))cris in Tors(G) is just a locally trivial prin-
cipal homogeneous space for GWν(Fpf ),cris over the big crystalline site
(X/Wν(Fpf ))cris. Whenever 1 ≤ ν ′ ≤ ν ≤ ∞, sheaves on (X/Wν(Fpf ))cris
as well as crystals in C thereon, can be pulled back to (X ′/Wν′(Fpf ))cris,
where X ′ is a XWν′ (Fpf )-scheme. In a somewhat different direction ev-
ery sheaf E on (X/Wν(Fpf ))cris has an inverse image F = i∗X/Wν(Fpf )(E)
on Xfpqc, defined by F(R) := E(R, 0, 0) (please see [1, 1.1.4.a)] for this
and [1, 1.1.4.b)] for its right-adjoint).
Throughout most of the paper we are concerned with one site at a
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time, namely (X/W (Fpf ))cris (resp. (X/Fpf )cris in case pOX = 0): We
let J µ ⊂ WGcris (resp. J µ ⊂ WGF
pf
,cris) be the subgroup sheaves
on (SpecW (Fpf )/W (Fpf ))cris (resp. (SpecFpf/Fpf )cris) given in ei-
ther case by (R, a, γ) 7→ J µa , and we let Ψµ : J µ → WFGcris (resp.
Ψ
µ,h
: J µ → WFhGF
pf
,cris be the natural transformations given in ei-
ther case by (R, a, γ) 7→ Ψµ,ha .
3.2. Φ-data. In this subsection we fix a positive divisor r | f , for any
non-empty set Σ ⊂ Z/rZ we will use the following notations:
d+Σ(σ) := min{h ≥ 0|h+ σ ∈ Σ},
dΣ(σ) := σ + d
+
Σ(σ)
rΣ(σ) := Card(d
−1
Σ ({σ}))
and we define the “canonical cyclic permutation” ̟Σ : Σ→ Σ to be the
function σ 7→ dΣ(1 + σ) (which is the inverse of σ 7→ σ− rΣ(σ)). Also,
for a smooth affine W (Fpr)-group G with connected fibers, we need to
consider the group
GΣ :=
∏
σ∈Σ
F−σG.
Finally, we let g and gΣ be the respective Lie-algebras of G and GΣ.
Definition 3.15. Let G/W (Fpr) be as above. The pair (G, {µσ}σ∈Σ) is
called a Φ-datum if:
(D1) ∅ 6= Σ ⊂ Z/rZ.
(D2) Each µσ : Gm → F−σGW (F
pf
) is a cocharacter of triangular type
all of whose weights are less than or equal to rΣ(σ)
If, in addition, Σ = Z/rZ holds, then the pair (G, {µσ}σ∈Σ) is called a
Φ-datum.
For some fixed W (Fpf )-rational Φ-datum (G, {µσ}σ∈Σ) we need to
introduce further notions and notations, which we will use in the whole
paper without further notice. Consider the cocharacter
µΣ : Gm,W (F
pf
) → GΣW (F
pf
),
of which the components are given by µσ, for every σ ∈ Σ. Occasionally
we need to work with the scalar restriction
(13) G := ResW (Fpr )/Zp G,
notice that GΣ is canonically contained in GW (Fpr ), being
∏r−1
σ=0
F−σG.
At last, we let µ stand for the composition of µΣ with the natural
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inclusion GΣW (F
pf
) →֒ GW (Fpf ). Now observe that I
µΣ
is equal to the
product
∏
σ∈Σ I
µσ
, on the factors of which we defined homomorphisms
(14) Φ
µσ ,rΣ(σ)
: Iµσ → WF rΣ(σ)−σGF
pf
.
Since the composition with ̟Σ yields an isomorphism:
(15)
∏
σ∈Σ
F rΣ(σ)−σG ∼=→ GΣ
one obtains a homomorphism
Φ : IµΣ → WGΣF
pf
,
by composing (15) with the product of the homomorphisms (14), and
we will refer to
WGΣF
pf
←֓ IµΣ Φ→ WGΣF
pf
as the (diagram of the) reduced Frobenius map. In the special case
Σ = Z/rZ we have additional homomorphisms
(16) Φµσ : Iµσ → WF 1−σGW (F
pf
).
at our disposal, and again composing the map
(17)
r−1∏
σ=0
F 1−σG ∼=→ GW (Fpr ); (U0, U1, . . . , Ur−1) 7→ (U1, . . . , Ur−1, U0)
with the product of the homomorphisms (16) yields the homomorphism
Φµ : Iµ → WGW (F
pf
),
and again, we will refer to
WGW (F
pf
) ←֓ Iµ Φ
µ→ WGW (F
pf )
as the (diagram of the) non-reduced Frobenius map (N.B.: Σ = Z/rZ
implies GΣ = G, µΣ = µ, and IµΣ = IµF
pf
).
Definition 3.16. If WGΣF
pf
←֓ IµΣ Φ→ WGΣF
pf
is the reduced Frobe-
nius map of some W (Fpf )-rational Φ-datum (G, {µσ}σ∈Σ), then we let
B(G, {µσ}σ∈Σ) be the Fpf -stack rendering the diagram:
(18)
Tors(WGΣF
pf
) ←−−− B(G, {µσ}σ∈Σ)
∆
Tors(W GΣ
F
pf
)
y qy
Tors(WGΣF
pf
)×F
pf
Tors(WGΣF
pf
)
Tors(Φ×id)◦∆
Tors(I
µΣ)←−−−−−−−−−−−−− Tors(IµΣ)
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2-cartesian. Moreover, if
WGW (F
pf
) ←֓ Iµ Φ
µ→ WGW (F
pf
)
is the non-reduced Frobenius map of a Φ-datum (G, {µσ}σ∈Z/rZ) we let
B(G, µ) = B(G, {µσ}σ∈Z/rZ) be the W (Fpf )-stack rendering the dia-
gram:
(19)
Tors(WGW (F
pf
)) ←−−− B(G, {µσ}σ∈Z/rZ)
∆
Tors(WGW (F
pf
))
y qy
Tors(WGW (F
pf
))×W (F
pf
) Tors(
WGW (F
pf
))
Tors(Φµ×id)◦∆Tors(Iµ)←−−−−−−−−−−−−− Tors(Iµ)
2-cartesian.
Do notice that the generic fiber of B(G, {µσ}σ∈Z/rZ) is 1-isomorphic
to the K(Fpf )-stack Tors(U
0
µ−1)K(Fpf ), and that the special fiber of
B(G, {µσ}σ∈Z/rZ) is just the Fpf -stack B(G, {µσ}σ∈Z/rZ). In the rest
of this subsection we sum up elementary properties which are valid
for both B(G, {µσ}σ∈Σ) and B(G, {µσ}σ∈Z/rZ). However, for notational
convenience we focus our attention on B(G, {µσ}σ∈Σ) and leave some
of the analogs for B(G, {µσ}σ∈Z/rZ) to the reader.
At last, for a fixed arbitrary W (Fpf )-rational Φ-datum (G, {µσ}σ∈Σ),
the following convention turns out to be quite handy: By saying that
P was a 3n-display with (G, {µσ}σ∈Σ)-structure over a W (Fpf )-scheme
X we mean that at least one of the following two statements holds:
• p vanishes inOX , and P is a 1-morphism fromX to B(G, {µσ}σ∈Σ),
where X has to be regarded as a Fpf -scheme.
• Σ = Z/rZ holds, and P is a 1-morphism fromX to B(G, {µσ}σ∈Z/rZ).
In each of these two cases we wish to define the underlying locally trivial
principal homogeneous space of P to be q(P), which is aX-valued point
in one of Tors(IµΣ) or Tors(Iµ). Let us denote the level-0 truncation
of q(P) by q0(P), which is a X-valued point in Tors(IµΣ0 ). Finally let
us say that P is a banal 3n-display with (G, {µσ}σ∈Σ)-structure over X
if and only if q(P) possesses a global section.
Remark 3.17. Using the notation of definition 3.16 we have canonical
1-isomorphisms:
WGΣF
pf
∼=→ Tors(WGΣF
pf
)×∆
Tors(W GΣ
F
pf
)
,Tors(W GΣ
F
pf
)2,b(W GΣ
F
pf
)2 SpecFpf
∼=→ B(G, {µσ}σ∈Σ)×Tors(IµΣ ),b(IµΣ ) SpecFpf
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of which the composition with the canonical projection:
B(G, {µσ}σ∈Σ)×Tors(IµΣ ),b(IµΣ ) SpecFpf → B(G, {µσ}σ∈Σ)
will be denoted by:
b(G, {µσ}σ∈Σ) : WGΣF
pf
→ B(G, {µσ}σ∈Σ).
Notice that there is a canonical 2-cartesian diagram:
(20)
WGΣF
pf
×F
pf
IµΣ pr1−−−→ WGΣF
pf
pr2
y b(G,{µσ}σ∈Σ)y
WGΣF
pf
b(G,{µσ}σ∈Σ)−−−−−−−−→ B(G, {µσ}σ∈Σ)
where pr1 (resp. pr2) are the morphisms from
WGΣF
pf
×F
pf
IµΣ to WGΣF
pf
,
given by (U, k) 7→ U (resp. (U, k) 7→ k−1UΦ(k)). Moreover, if pr12
(resp. pr13 or pr23) are the morphisms from
WGΣF
pf
×F
pf
IµΣ ×F
pf
IµΣ
to WGΣF
pf
×F
pf
IµΣ , given by: (U, k, l) 7→ (U, k) (resp. (U, k, l) 7→ (U, kl)
or (U, k, l) 7→ (k−1UΦ(k), l)), and if
α : b(G, {µσ}σ∈Σ) ◦ pr2 → b(G, {µσ}σ∈Σ) ◦ pr1
is the 2-morphism implicit in the diagram (20), then pr∗13(α) agrees
with the composition of pr∗12(α) and pr
∗
23(α).
Lemma 3.18. The canonical projection
q : B(G, {µσ}σ∈Σ)→ Tors(IµΣ),
as well as the diagonal
∆B(G,{µσ}σ∈Σ)
are schematic and affine (hence quasicompact and separated) 1-morphisms.
Proof. The former assertion follows simply from the diagram (18), to-
gether with the fact, that ∆Tors(W GΣ
F
pf
) is schematic and affine. Now
this implies already that the relative diagonal 1-morphism
B(G, {µσ}σ∈Σ)→ B(G, {µσ}σ∈Σ)×Tors(IµΣ ) B(G, {µσ}σ∈Σ)
is schematic and closed, so that the latter assertion follows once we
show that
B(G, {µσ}σ∈Σ)×Tors(IµΣ ) B(G, {µσ}σ∈Σ)
→ B(G, {µσ}σ∈Σ)× B(G, {µσ}σ∈Σ)
is a schematic and affine 1-morphism, which can be deduced from the
same property of ∆Tors(IµΣ ). 
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3.2.1. Banality. In this subsubsection we fix aW (Fpf )-rationalΦ-datum
(G, {µσ}σ∈Σ), and a W (Fpf )-algebra R. Again, we assume that one of
the following holds:
• pR = 0
• Σ = Z/rZ.
In the former case we constructed GΣ(W (R)) ←֓ IµΣ(R) ΦR→ GΣ(W (R))
and in the latter case we constructed G(W (R)) ←֓ Iµ(R) Φ
µ
R→ G(W (R)),
and in both cases we will write BR(G, {µσ}σ∈Σ) for the category which
results from either diagram according to example 3.2. Observe that the
category of banal 3n-displays with (G, {µσ}σ∈Σ)-structure over some
W (Fpf )-scheme X is canonically equivalent to BΓ(X,OX)(G, {µσ}σ∈Σ).
For later use we note a lemma, which is mediately tied to the concept
of banality:
Lemma 3.19. Let P be a 3n-display with (G, {µσ}σ∈Σ)-structure over
SpecR.
(i) If I ⊂ R is a nilpotent ideal, then P is banal if and only if PR/I
is banal.
(ii) If pR is nilpotent then there exists an étale and faithfully flat
R-algebra over which P becomes banal.
Proof. The first of these two assertions follows from remark 3.10. In
order to prove the second assertion we may assume p1R = 0, due to
[19, Théorème 18.1.2] and (i). We proceed by invoking the truncations
Em of the underlying locally trivial principal homogeneous space E
(cf. remark 3.10). We can clearly find a section of the smallest possible
truncation Eh over an étale and faithfully flat R-algebra S, due to [19,
Corollaire (17.16.3.ii)]. However, notice that there exists a short exact
sequence
0→ Fpf ⊗W (Fpr ) gΣ →֒ I
µΣ
m+1 ։ IµΣm → 1.
By induction on N ∋ m ≥ h we deduce the global triviality of all of
the level m-truncations Em, due to [32, Chapter III, Proposition 3.7].
Finally it follows that PS is banal. 
Lemma 3.20. Let P be a 3n-display with (G, {µσ}σ∈Σ)-structure over
SpecR, and let k be an element in the kernel of the map Aut(q(P))→
Aut(q0(PR/J )), where J is an ideal of R. Suppose that I ⊂ J is an-
other ideal with JI = pI = 0, and such that the image of the map
Aut(PR/I)→ Aut(q(PR/I)) contains the mod I-reduction of k. Then
kp lies in the image of the map Aut(P)→ Aut(q(P)).
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Proof. We may assume that P is banal, and a choice of global section
of q(P) gives rise to an element U ∈ GΣ(W (R)), moreover the element
k satisfies k−1UΦ(k) = NU (resp. k−1UΦµ(k) = NU) for some N ∈
GΣ(W (I)). Applying the description (9) to the specific pd-ideal I yields
the mutual annihilation of the ideals W (I) and W (J) + I(R). We
deduce k−pUΦ(kp) = NpU = U (resp. k−pUΦµ(kp) = U), since the
elements N and k commute with each other. 
Remark 3.21. Note that the remark 3.10 implies the surjectivity of
Aut(q(P))→ Aut(q(PR/I)). It follows that all pth powers of elements
in the kernel of the map Aut(PR/I) → Aut(q0(PR/J )) lift to automor-
phisms of P.
3.3. Functoriality. Fix f and let (G, {µσ}σ∈Σ) and (G˜, {µ˜σ}σ∈Σ˜) be
two Φ-data. Suppose we are given a pair consisting of a group homo-
morphism
γ : IµΣ → I µ˜Σ˜
together with a morphism
m : WGΣF
pf
→ W G˜Σ˜F
pf
,
that renders the diagram
WGΣF
pf
×F
pf
IµΣ pr2−−−→ WGΣF
pf
m×γ
y my
W G˜Σ˜F
pf
×F
pf
I µ˜Σ˜ p˜r2−−−→ W G˜Σ˜F
pf
commutative (where pr2 and p˜r2 are as in (20)). Then one obtains a
canonical 2-commutative diagram:
WGΣW (F
pf
)
b(G,{µσ}σ∈Σ)−−−−−−−−→ B(G, {µσ}σ∈Σ) −−−→ Tors(IµΣ)
m
y y Tors(γ)y
W G˜Σ˜W (F
pf
)
b(G˜,{µ˜σ}σ∈Σ˜)−−−−−−−−→ B(G˜, {µ˜σ}σ∈Σ˜) −−−→ Tors(I
µ˜Σ˜)
.
Three instances of this procedure will occur in this paper and we collect
them in this subsection (in all examples we fix r too):
3.3.1. A Covariant Functoriality in G. Let i : G → G˜ be a homomor-
phism of W (Fpr)-groups, and assume
Σ = Σ˜
∀σ ∈ Σ : F−σi ◦ µσ = µ˜σ
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(in the sequel we will refer to this as a morphism from (G, {µσ}σ∈Σ) to
the Φ-datum (G˜, {µ˜σ}σ∈Σ)). Consider the homomorphism iΣ : GΣ →
G˜Σ which is given by the cartesian product of the maps F−σi : F−σG →
F−σ G˜. It is easy to see that the homomorphism W iΣF
pf
=: m from WGΣF
pf
to W G˜ΣF
pf
restricts to a homomorphism γ from IµΣ to I µ˜Σ . The canon-
ical 1-morphism which results from the pair (γ,m) will be denoted by:
B(i) : B(G, {µσ}σ∈Σ)→ B(G˜, {µ˜σ}σ∈Σ).
3.3.2. A Covariant Functoriality in {µσ}σ∈Σ. Consider a family {gσ}σ∈Σ =
g ∈ GΣ(W (Fpf )), and assume
Σ = Σ˜
G = G˜
µ˜Σ = Int
GΣ(g/W (Fpf )) ◦ µΣ.
Let γ : IµΣ → I µ˜Σ be the homomorphism which is obtained by restric-
tion of the inner automorphism Int
WGΣ
F
pf (g/Fpf ). Finally consider the
functions ̟+Σ(σ) := d
+
Σ(σ+1)+ 1 and ̟Σ(σ) = σ+̟
+
Σ(σ) to describe
a map m from WGΣF
pf
to itself as follows:
{Uσ}σ∈Σ 7→ {g−1σ UσF
̟+
Σ
(σ)
g̟Σ(σ)}σ∈Σ.
The canonical 1-morphism which results from this pair (γ,m) will be
denoted by:
B(g) : B(G, {µσ}σ∈Σ)→ B(G, {µ˜σ}σ∈Σ).
3.3.3. A contravariant Functoriality in Σ. Let us say that a function
d+ : Z/rZ→ N0 is a (mod r)-multidegree if σ < ς implies σ+d+(σ) <
ς+d+(ς) for any σ, ς ∈ Z. The last type of functoriality that we discuss
arises in the following scenario: Consider the functions
d : Z/rZ→ Z/rZ : σ 7→ σ + d+(σ)
d˜+ : Z/rZ→ N0; σ 7→ d+(σ)−min{d+(ω)|d(ω) = d(σ)}
d˜ : Z/rZ→ Z/rZ; σ 7→ σ + d˜+(σ),
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where d+, and hence d˜+, is a (mod r)-multidegree. Assume that we
have:
Σ = {d(ω)|ω ∈ Z/rZ}(21)
Σ˜ = {d˜(ω)|ω ∈ Z/rZ}(22)
G = G˜(23)
∀ω ∈ Σ˜ : µ˜ω = Fd
+(ω)
µd(ω).(24)
More specifically, let z = Card(Σ) = Card(Σ˜) and σ1 < · · · < σz <
σ1 + r be the elements of a set of representatives for the (mod r)
congruence classes in Σ. Then Σ˜ consists of the (mod r)-congruence
classes of the elements σ˜j := max{σ|σ+d+(σ) ≤ σj}. The 1-morphism
Flexd
+
: B(G, {µσ}σ∈Σ)→ B(G, {µ˜σ}σ∈Σ˜)
is defined by writing down a pair (γ,m) as follows:
m : {Uσ}σ∈Σ 7→ {Fd
+(σ)
Ud(σ)}σ∈Σ˜(25)
γ : {kσ}σ∈Σ 7→ {Fd
+(σ)
kd(σ)}σ∈Σ˜.(26)
For the significance for all of this please see e.g. subsubsection 6.1.3.
3.4. Weil restriction revisited. For every subset Σ ⊂ Z/rZ, and for
every m ∈ N0 we let Σ(m) ⊂ Z/mrZ be the inverse image of Σ under
the canonical projection Z/mrZ→ Z/rZ.
Recall that we fixed a W (Fpf )-rational Φ-datum (G, {µσ}σ∈Σ) and as-
sume that s is a number with r | s | f . Observe that the W (Fpf )-
rational Φ-datum (GW (Fps), {µσ}σ∈Σ( sr )) is equipped with an action of
the cyclic group ∆ := rZ/sZ, in the sense of subsubsection 3.3.1. The
following is a restatement of lemma 2.2:
Lemma 3.22. For any W (Fpf )-scheme X, there is a natural equiva-
lence from the category of 3n-displays with (G, {µσ}σ∈Σ)-structure over
X to the category of ∆-equivariant 3n-displays with (GW (Fps), {µσ}σ∈Σ( sr ))-
structure over X, where ∆ acts trivially on X.
3.5. Deformations of displays with additional structure. Recall
fi = g/Fil
−i
µ−1 g (cf. remark 3.12). Consider the direct sum
∞⊕
i=0
θ
µ
i =: θ
µ ∈ Rep0(Iµ0 ),
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where each summand θ
µ
i : Iµ0 → GL(Fpf ⊗F i,W (Fpf ) fi/W (Fpf )) arises
from composing the i-th iterate of the Frobenius with the (mod p)-
reduction of the natural adjoint action:
θµi : Iµ0 → GL(fi/W (Fpf )).
The representation θµ0 ∈ Rep0(Iµ0 ) as well as θ
µ ∈ Rep0(Iµ0) have a great
significance in this paper: For every 3n-display P with (G, {µσ}σ∈Σ)-
structure over X, we define a vector bundle on X by means of TP =
ωq0(P)(θ
µ
0 ) (resp. TP = ωq0(P)(θ
µΣ
)).
One of the aims in this section is to show that the assignment P 7→ TP
behaves like a tangent bundle on B(G, {µσ}σ∈Z/rZ) (resp. B(G, {µσ}σ∈Σ)).
We have to start with a substitute for the result [60, Theorem 44]
in the language of our stack B(G, {µσ}σ∈Z/rZ) (resp. B(G, {µσ}σ∈Σ)).
For the rest of this subsection we fix an auxiliary monotone bijection
Z → Σ(0); j 7→ σj , so that there exists z ∈ N with r + σj = σz+j for
all integers j (let rj := σj − σj−1 = rΣ(σj)). The following definition is
very similar, but not exactly equivalent to [60, Definition 11/Definition
13].
Definition 3.23. Let (G/W (Fpr), {µσ}σ∈Σ) be a W (Fpf )-rational Φ-
datum, and let us write
πj ◦ πj = πj : ωG(AdG)։ ωGFσj µσj (rj,Ad
G)
for the projector killing all summand of F
σj
µσj -weight strictly less than
rj (N.B.: Due to condition (D2) all
Fσjµσj -weights of ω
G(AdG) are less
than or equal to rj.).
If S is a Fpf -algebra, then a z-tuple (U1, . . . , Uz) ∈ GΣ(S) is said to
satisfy the nilpotence condition, if
π0 ◦ AdG(Fσ1U1) ◦ · · · ◦ AdG(FσNUN) ◦ πN = 0,
for all sufficiently large numbers N .
It is clear that the full fibered subcategory of B(G, {µσ}σ∈Z/rZ) (resp.
B(G, {µσ}σ∈Σ)) whose objects satisfy the (mod p)-nilpotence condition
is a stack, and we will denote it by B′(G, {µσ}σ∈Z/rZ) (resp. B′(G, {µσ}σ∈Σ)).
Its objects are called displays with additional structure, and likewise
B ′R(G, {µσ}σ∈Σ) denotes the category of banal displays with (G, {µσ}σ∈Σ)-
structure over SpecR.
3.5.1. Frobenius maps revisited. Let (G, {µσ}σ∈Σ) be as above, let a be
a pd-ideal in a W (Fpf )-algebra S, and assume that one of the following
holds:
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(i) S is p-adically separated and complete, a is p-adically closed
and topologically nilpotent, and Σ is equal to Z/rZ
(ii) a is nilpotent and pS = 0
(iii) a is p-adically topologically nilpotent and contains p, and S is
torsionfree and p-adically separated and complete
We define Ψa : J µΣa → GΣ(W (S)) to be the composition of the
canonical cyclic permutation in (15) with the product of the extended
Frobenius maps: Ψ
µσ ,rΣ(σ)
a : J µσa → F rΣ(σ)−σG(W (S)) (cf. definition
3.13).
Lemma 3.24. Under the above assumptions (i), (ii) or (iii), and with
the above notations every congruence O ≡ U mod a between any two
O,U ∈ GΣ(W (S)) satisfying the nilpotence condition, implies the exis-
tence of a unique element h ∈ GΣ(W (a)) with O = h−1UΨa(h).
Proof. We will write ψa : j
µΣ
a → W (S)⊗W (Fpf )gΣ for the map that is in-
duced by the canonical cyclic permutation composed with the product
of the Lie-theoretic extended Frobenius maps
ψ
µσj ,rj
a : j
µσj
a →W (S)⊗F−σj−1 ,W (F
pf
) g
as in (11). We endow GΣ(W (a)) with the topology coming from the
restriction of the p-adic topology of S, with respect to which it is sep-
arated and complete, so what about the fixed points of h 7→ Ka(h) :=
UΨa(h)O
−1, as a function from GΣ(W (a)) to itself? Under either of
the two assumptions (i) or (ii) we are allowed to use the pS + a-adic
separated completeness of S too, so let us consider the chain of ideals
defined by an = a ∩ (pS + a)n for any n ∈ N. It is enough to prove
the unique existence of the requested fixed points for each Kan/an+1 .
Furthermore, we have natural isomorphisms
GΣ(W (an))/GΣ(W (an+1)) ∼= GΣ(W (an/an+1)) ∼= W (an/an+1)⊗W (F
pf
)g
Σ,
the equation Kan/an+1(h+X) = Kan/an+1(h)+ (Ad
GΣ(U) ◦ψan/an+1)(X)
holds, and thus it suffices to check the nilpotence of the endomorphism
AdG
Σ
(U) ◦ ψan/an+1 on W (an/an+1)⊗W (Fpf ) gΣ. Since W (an/an+1) can
be regarded as a S/pS + a-module(!) we let
ψ∗j : (S/pS + a)⊗F−σj ,W (F
pf
) g→ (S/pS + a)⊗F−σj−1 ,W (F
pf
) g
be the composition of the rjth iterate of the absolute Frobenius from
(S/pS+a)⊗F−σj ,W (F
pf
)g to (S/pS+a)⊗F−σj−1 ,W (F
pf
)g with the projec-
tion ofW (Fpf )⊗F−σj ,W (Fpr )g onto the direct summand of theGm,W (Fpf )-
representation Ad
F
−σj G ◦µσj of degree rj. It is easy to see that the
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map ψan/an+1 can be written as the (S/pS+ a-linear) tensor product of
idW (an/an+1) and the map
ψ∗ : (S/pS + a)⊗W (F
pf
) g
Σ → (S/pS + a)⊗W (F
pf
) g
Σ,
which we obtain by composing the product of the endomorphisms ψ∗j
on
⊕z−1
j=0(S/pS+ a)⊗F−σj ,W (F
pf
) g with the cyclic permutation thereon
given by: (X0, X1, . . . , Xz−1) 7→ (X1, . . . , Xz−1, X0). It follows that
AdG
Σ
(U) ◦ ψan/an+1 is nilpotent, notice that this proof is quite similar
to the one of [60, Lemma 42], as is the (iii)-case, which we leave to the
reader. 
Remark 3.25. Under the above assumption (iii) one can strengthen the
uniqueness assertion in the previous lemma: For the extended Frobe-
nius maps Ψ
µσj ,rj
a are just the restrictions to J µσja of Φˆµσj ,rjW (S) : g 7→
F rj (µσj(
1
p
)gµσj(p)), in which case we have that
(27) F
−σjG(Q⊗W (a)) ∋ hj = UjF
rj+1
(µσj+1(
1
p
)hj+1µσj+1(p))U
−1
j
for all j implies hj = 1 for all j. This can be seen as follows. If
s is a multiple of f we deduce that the same equation holds for the
elements F
s
Uj and
F shj, and the latter is contained in
F−σjG(W (a))
provided only that s is sufficiently large. We infer F
s
hj = 1, so that
all sufficiently large ghost components of hj vanish, and by downward
induction using (27) again, we obtain the vanishing of all other ghost
components of hj too.
In complete analogy to subsubsection 3.1.2 we denote the effect of
the Ψ
µσ ,rΣ(σ)
a ’s on the crystalline fpqc-sheaf J µΣ (resp. J µ) by
Ψ : J µΣ → WGΣF
pf
,cris
(resp. byΨµ : J µ → WGW (F
pf
),cris). Let P be a display with (G, {µσ}σ∈Σ)-
structure overX, and let q(P) be the underlying principal homogeneous
space for IµΣ (resp. Iµ) over X. Note that we have a canonical iso-
morphism
(28) ıP : q(P)×I
µΣ ,Φ WGΣF
pf
→ q(P)×IµΣ WGΣF
pf
(resp. ıP : q(P) ×Iµ,Φµ WGW (F
pf
) → q(P) ×Iµ WGW (F
pf
)). Our next
object is the description of a canonical principal homogeneous space
EP for J µΣ over (X/Fpf )cris (resp. J µ over (X/W (Fpf ))cris), together
with a canonical isomorphism
(29) P : EP ×J
µΣ ,Ψ WGΣF
pf
,cris → HP
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(resp. P : EP ×J µ,Ψµ WGW (F
pf
),cris → HP), where HP is the locally
principal homogeneous space for WGΣF
pf
,cris (resp.
WGW (F
pf
),cris) over
(X/Fpf )cris (resp. (X/W (Fpf ))cris) arising by extension of the structure
group from EP .
By a glueing argument we can assume that P is banal, so choose an
element U ∈ WGΣ(X) representing P. We define the value EP(S, a, γ)
of EP on the pd-thickening (S, a, γ) to be J µΣa . In order to define the
restriction maps for the sheaf we proceed as follows: For every pd-
thickening (S, a, γ) we choose a lift US ∈ GΣ(W (S)) of the image of
U in GΣ(W (S/a)). Now consider some morphism (S, a, γ) ← (T, b, δ)
in (X/Fpf )cris (resp. (X/W (Fpf ))cris). By lemma 3.24 there exists
kT,S ∈ GΣ(W (b)) ⊂ J µΣb such that the image of US in GΣ(W (T ))
agrees with k−1T,SUTΨb(kT,S). We define EP(S, a, γ) → EP(T, b, δ) by
left-multiplication with kT,S, and we define the evaluation of the map
(29) on the thickening (S, a, γ) to be the left-multiplication with US.
It is clear that (28) is the result of (29) under the functor i∗X/F
pf
(resp.
i∗X/W (F
pf
)).
3.5.2. Local and global lifts. The next result for automorphisms can be
regarded as an analog of [60, Proposition 40]:
Corollary 3.26. Let (G, {µσ}σ∈Σ) be a W (Fpf )-rational Φ-datum, let
A be an a-adically separated W (Fpf )-algebra, and assume that one of
the following holds:
(i) pA = 0.
(ii) a contains a power of p and Σ is equal to Z/rZ.
Let φ be an automorphism of a display P with (G, {µσ}σ∈Σ)-structure
over SpecA. Then φA/a is the identity if and only if φ is the identity.
Proof. All we have to do is prove, that φA/an is the identity for every n,
since the diagonals of our stacks of displays with (G, {µσ}σ∈Σ)-structure
are separated (cf. lemma 3.18). By a straightforward induction argu-
ment it suffices to do this under the additional assumption that a2 = 0.
Furthermore, after passage to some affine fpqc covering we can also
assume that P is banal. However, in this case the result follows im-
mediately from one of the alternatives (i) or (ii) of the lemma 3.24,
simply because ideals of vanishing square can be endowed with a pd-
structure. 
We fix a W (Fpf )-scheme X such that one of the following assump-
tions holds:
(i) pOX = 0
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(ii) XK(F
pf
) is empty and Σ is equal to Z/rZ
We fix a nilimmersion X0 →֒ X (i.e. a closed immersion defined by a
Zariski-locally nilpotent sheaf of ideals). For any R ∈ AlgX we let R0 be
the AlgX0-object whose spectrum is X0×X SpecR, and we let A(R) be
the ideal that defines the nilimmersion SpecR0 →֒ SpecR. Notice that
A is a sheaf on Xfpqc. By a lift of some display Q with (G, {µσ}σ∈Σ)-
structure over X0 to R ∈ ObAlgX we mean a pair (P, δ) where P is a
display with (G, {µσ}σ∈Σ)-structure over R, and δ is an isomorphism
from QR0 to PR0 . Isomorphisms between lifts are expected to preserve
the respective δs, in particular no lift has any automorphisms other
than the identity, thanks to the previous corollary 3.26. LetDQ,X(R) be
the set of isomorphism classes of lifts over R. By pull-back of lifts this
is a presheaf on Xfpqc. Let us check that DQ,X satisfies the sheaf axiom
for a faithfully flat map R → Q: If the pull-backs pr∗1(P) and pr∗2(P)
of some (P, δ) ∈ DQ,X(Q) agree for the two coordinates pr1, pr2 : Q→
Q⊗R Q, then this means that there exists α : pr∗1(P)
∼=→ pr∗2(P) which
restricts to the identity on Q0 ⊗R0 Q0. We easily deduce the cocycle
condition for α, because any equality of isomorphisms of displays over
Q⊗RQ⊗RQ can be checked over Q0⊗R0 Q0⊗R0 Q0, by corollary 3.26.
This shows that P (resp. δ) descend to R (resp. R0). It follows that
DQ,X is a fpqc-sheaf on X. Let DQ,X = Γ(X,DQ,X) denote the set of
isomorphism classes of global lifts.
Corollary 3.27. Let Q and X0 →֒ X be as in the beginning of this
subsubsection.
(i) DQ,X(R) is non-empty for every R ∈ AlgX
(ii) Suppose that the ideal sheaf defining X0 has vanishing square.
Then DQ,X possesses the structure of a locally trivial principal
homogeneous space for the fpqc-sheaf:
R 7→ TQR0 ⊗R A(R) = HomR0(TˇQR0 ,A(R)),
in particular DQ,X is either empty or it is a principal homoge-
neous space for the group Γ(X, TQ ⊗OX A).
Proof. Fpqc-locally the existence of lifts is evident, so that the part
(i) of the lemma is a straightforward consequence of [32, Chapter III,
Proposition 3.7], together with part (ii). By a gluing argument we are
allowed to assume thatQ is a banal display with (G, {µσ}σ∈Σ)-structure
over an affine scheme X = SpecS, so that it can be represented by
an element O ∈ GΣ(W (S/a)), where a = A(S), as X0 = SpecS/a.
Indeed any lift of Q over any S-algebra R is going to be banal too, and
more specifically it is determined by a pair (U, h) with U ∈ GΣ(W (R))
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and h ∈ IµΣ(R0) (resp. h ∈ Iµ(R0)), with O = h−1U0Φ(h) (resp.
O = h−1U0Φµ(h)), where U0 ∈ GΣ(W (R0)) stands for the mod a-
reduction of U . Another such pair (U ′, h′) determines the same element
inDQ,X(R) if and only if U ′ = k−1UΦ(k) (resp. U ′ = k−1UΦµ(k)) holds
for some k ∈ IµΣ(R) (resp. k ∈ Iµ(R)) with k0h′ = h (where k0 stands
for the mod a-reduction of k). Recall that there are natural inclusions
aR⊗W (Fpr )
∞⊕
i=0
F igΣ ⊂ GΣ(W (aR)) ⊂ J µΣaR ⊂ GΣ(W (R)).
It is now evident that for N ∈ aR ⊗W (Fpr )
⊕∞
i=0
F igΣ (resp. N ∈
aR ⊗W (Fp) g) the assignment (U, h) 7→ ((AdG
Σ
(h)N)U, h) defines an
action on DQ,X(R), which is transitive by lemma 3.24. Furthermore all
isotropy groups are equal to
aR⊗W (F
pf
)
∞⊕
i=0
F i Fil−i
AdG
Σ ◦µ−1Σ
(W (Fpf )⊗W (Fpr ) gΣ)
(resp. aR⊗W (F
pf
)Fil
0
AdG ◦µ−1(W (Fpf )⊗Zpg)) again from lemma 3.24. 
Corollary 3.28. Suppose that A is a sub-W (Fpf )-algebra of B and
that a is an ideal of A containing some power of p. Assume that one
of the following holds:
(i) a is nilpotent.
(ii) B is finite over A, and A is a a-adically separated and complete
noetherian ring.
Then for each pair Q and P of displays over SpecA with (G, {µσ}σ∈Σ)-
structure every two compatible isomorphisms QB ψ→ PB and QA/a φ→
PA/a are scalar extensions of some unique Q φ→ P.
Proof. Due to the lemma 3.18 and the Artin-Rees lemma it is enough
to prove the first assertion.
However, under the assumption of (i) we can use the map φ in order to
view P as a lift of Q0 := QA/a. In fact it does no harm to assume a2+
pa = 0, so that there exists a well-defined element N ∈ TQ0⊗A/a a that
measures the difference between the elements P and Q of DQ0,SpecA.
Its image in TQ0 ⊗A/a aB has to vanish, according to the existence of
ψ. Now the injectivity of TQ0 ⊗A/a a→ TQ0 ⊗A/a aB yields N = 0. 
Corollary 3.29. Let K be a perfect field containing Fpf and let Q
be a display with (G, {µσ}σ∈Σ)-structure over K. Let CompK be the
category of complete local noetherian K-algebras whose residue field is
K. Let DˆQ : CompK → Set be the functor sending any complete local
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noetherian K-algebra R whose residue field is K to the set of isomor-
phism classes of pairs (P, δ) where P is a 3n-display with (G, {µσ}σ∈Σ)-
structure over SpecR, and δ is an isomorphism from Q to PK. Then
DˆQ is representable by a 3n-display Quni with (G, {µσ}σ∈Σ)-structure
over a powerseries algebra Runi over K whose the Zariski tangent space
is TQ.
Proof. Consider the K-algebra R1 = K ⊕ TˇQ, and let Q1 ∈ DQ,SpecR1
be the deformation whose difference to the trivial deformation is mea-
sured by the identity. If Q is banal, then Q1 is banal too, and it is
clear that one obtains a universal deformation from a lift of Q1 to a
powerseries algebra with the same Zariski tangent space.
In the general case we still have the prorepresentability of DˆQ over a
canonical powerseries algebra Runi. There exists a finite Galois exten-
sion l of K such that Ql is banal, according to part (ii) of lemma 3.19.
This completes the proof because one can use étale descent along the
morphism Runi → l ⊗K Runi. 
3.6. Windows and Cartier’s Diagonal. Fix a torsionfree, p-adically
complete and separated commutative ring A. In this case the ghost map
W (A)→ AN0 is injective. Recall also that for any s ∈ N any two Witt
vectors x, x′ ∈ W (A) have the same image in W (A/psA) if and only
if the components of their respective ghost images w,w′ ∈ AN0 satisfy
wi ≡ w′i (mod pi+s), cf. [60, Lemma 4]. Now let τ : A → A be a
lift of the Frobenius endomorphism, and consider Cartier’s associated
diagonal homomorphism δˆ : A→W (A), the composition of which with
the nth ghost coordinate wn : W (A) → A yields the nth iterate of τ .
Let us point out two more related facts:
• If we continue to denote the coordinatewise action of τ onW (A)
by τ , then the subring {w ∈ W (A)|F (w) = τ(w)} coincides
with the image of δˆ.
• The image of the ghost map W (A) →֒ AN0 agrees with the sub-
ring which is defined by the condition wn ≡ τ(wn−1) mod pn
for all n.
Finally, observe that F (x) ≡ τ(x) mod W (pA) holds for all x ∈
W (A). Recall that the definition of frame from [59, Definition 1], we
need the following lemma:
Lemma 3.30. Let J ⊂ A be a pd-ideal containing p, and recall that
W (J)+I(A) is a pd-ideal of W (A). If δˆ is as above, and if lJ : A→ N0
is as in definition 3.4, then lJ = lW (J)+I(A) ◦ δˆ holds.
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For the rest of this section we fix aW (Fpf )-rationalΦ-datum, (G, {µσ}σ∈Σ),
we assume that A is aW (Fpf )-algebra, furthermore we request that one
of the following two assumptions must be in force:
(i) Σ = Z/rZ and J is p-adically closed and topologically nilpotent
in A
(ii) J is p-adically topologically nilpotent and contains p
In the next two subsubsections we introduce windows with (G, {µσ}σ∈Σ)-
structure and study their groups of self-isogenies. One of the aims is
to prove an analog of the main result in [59], but before we do that we
need another definition and another lemma:
Definition 3.31. Consider the valuation l˜J : A → N0, that is given
by vJ in case (i) holds, and that is given by the J-length lJ in case (ii)
holds, and let Γ be the group Uˆ0
µ−1Σ
(A, l˜J) =
∏
σ∈Σ Uˆ
0
µ−1σ
(A, l˜J).
• Following the language of example 3.2, we define BˆA,J(G, {µσ}σ∈Σ)
to be the groupoid corresponding to the diagram:
GΣ(A) ⊃ Γ ΦˆA→ GΣ(A),
where ΦˆA is the composition of
∏
σ∈Σ Φˆ
µσ ,rΣ(σ)
A with the cyclic
permutation (U0, U1, . . . , Uz−1) 7→ (U1, . . . , Uz−1, U0) (as in (15)).
• We define FibA[ 1
p
],τ : BˆA,J(G, {µσ}σ∈Σ) → BA[ 1
p
],τ (G) (resp.
FibA,τ : BˆA,J(G, {µσ}σ∈Σ) → BA,τ(G) to be the functor de-
scribed by the pair (γ,m) (again in the sense of 3.2) with
γ : Γ→ G(A); {kσ}σ∈Σ 7→ {τd+Σ (σ)(kdΣ(σ))}σ∈Z/rZ
and m(U) = U
∏
ω∈Σ
F̟
+
Σ
(ω)
µ̟Σ(ω)(
1
p
).
• Consider BˆA,J(G, {µσ}σ∈Σ)-objects U ′, U ∈ GΣ(A). In case (i)
holds (i.e. Σ = Z/rZ) we define an isogeny from U ′ to U to be
an element k ∈ Uˆ0µ−1(A[1p ], vQ⊗J) satisfying U ′ = k−1UΦˆµ,1A[ 1
p
]
(k).
In case (ii) holds (i.e. p ∈ J) we define an isogeny from
U ′ to U to be a BA[ 1
p
],τ (G)-isomorphism from FibA[ 1
p
],τ(U
′) to
FibA[ 1
p
],τ (U). In both cases we write Hom
0(U ′, U), for the set of
isogenies k : U ′ 99K U from U ′ to U .
We also write Bˆ ′A,J(G, {µσ}σ∈Σ) for the full subcategory of BˆA,J(G, {µσ}σ∈Σ)
consisting of those objects which fulfill the (mod p)-nilpotence condi-
tion in the sense of definition 3.23.
Note the inclusion Hom0(U ′, U) ⊂ Hom(FibA[ 1
p
],τ (U
′),FibA[ 1
p
],τ(U))
(resp. Hom(U ′, U) ⊂ Hom(FibA,τ (U ′),FibA,τ (U))) in both cases (i)
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and (ii), in particular Hom0(U, U) = Aut0(U) is a subgroup of G(A[1
p
])
and Aut(U) ⊂ G(A). In the sequel we write d for the GΣ(K(Fpf ))-
element
∏
ω∈Σ
F
̟+
Σ
(ω)
µ̟Σ(ω)(
1
p
). The lemma 3.24 entails an immediate
equivalence:
Bˆ ′W (A),W (J)+I(A)(G, {µσ}σ∈Σ)
∼=→ B ′A/J(G, {µσ}σ∈Σ),
by reduction mod J . In fact an even nicer statement holds:
Lemma 3.32. Assume that (i) holds, so that (G, {µσ}σ∈Z/rZ) is a Φ-
datum: The canonical functor
(30) Bˆ ′A,J(G, {µσ}σ∈Z/rZ) δˆ→ Bˆ ′W (A),W (J)+I(A)(G, {µσ}σ∈Z/rZ)
which is induced from Cartier’s diagonal map δˆ : A → W (A) is an
equivalence of categories.
Proof. The faithfulness of the functor (30) is clear, so we begin with
the full faithfulness, and fix some O,U ∈ G(A) satisfying the nilpo-
tence condition along with some k ∈ Uˆ0µ−1(W (A), vW (J)+I(A)) satisfy-
ing δˆ(O) = k−1δˆ(U)Φˆµ,1W (A)(k). Due to the above lemma 3.30 we have
Uˆ0µ−1(A, vJ) = δˆ
−1(Uˆ0µ−1(W (A), vW (J)+I(A)), so we only have to prove
that k lies in the image of δˆ, which in turn has nothing to do with the
choice of J . We proceed by envoking the natural functor
Bˆ ′W (A),W (J0)+I(A)(G, {µσ}σ∈Z/rZ)→ Bˆ ′W (A),W (J0)+I(A)(G, {Fµσ+1}σ∈Z/rZ),
defined by the Frobenius: Both of O′ := τ(O) = F (O) and U ′ :=
τ(U) = F (U) are elements of G(A), and τ(k) and F (k) are both 2-
isomorphisms from O′ to U ′. Since one has evidently τ(k) ≡ F (k)
(mod p) it follows from the alternative (iii) of lemma 3.24 that τ(k) =
F (k) holds, which means that k lies indeed in the image of δˆ.
The determination of the essential image runs quite similarly: Given
that we have a 2-commutative diagram
Bˆ ′A,J(G, {µσ}σ∈Z/rZ) δˆ−−−→ Bˆ ′W (A),W (J)+I(A)(G, {µσ}σ∈Z/rZ)x x
Bˆ ′A,J∩pA(G, {µσ}σ∈Z/rZ) δˆ−−−→ Bˆ ′W (A),W (J∩pA)+I(A)(G, {µσ}σ∈Z/rZ)
we can assume J ⊂ pA. Let us begin with the special case J = pA.
Any U ∈ G(W (A)) satisfies automatically τ(U) ≡ F (U) (mod p) we
find that a nilpotence condition on U implies the existence of some k ∈
G(W (pA)) with τ(U) = k−1F (U)Φˆµ,1W (A)(k), again by the alternative
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(iii) of the lemma 3.24. It is easy to see that there exists an element
h ∈ G(I(A)) ⊂ Uˆ0µ−1(W (A), vW (J)+I(A)) with F (h)τ(h)−1 = k. Now it
follows that h−1UΦˆµ,1W (A)(h) lies in the image of δˆ. The case of arbitrary
J ⊂ pA can be covered by the following steps: Find an element U ′ ≡ U
(mod p) lying in the image of δˆ, find an element k′ ∈ G(W (pA)) with
U ′ = k′−1UΦˆµ,1W (A)(k
′), and notice that k′ can be written as a product of
an element of Uˆ0µ−1(W (A), vI(A)) with an element in the image of δˆ. 
We conclude this subsection with the following final result on win-
dows:
Lemma 3.33. Assume that (A, pA, τ) is a frame over W (Fpf ), and
that A/pA is reduced. Let (G, {µσ}σ∈Σ) be as above, and let G :=
ResW (Fpr )/Zp G and its cocharacter µ : Gm,W (Fpf ) → GW (Fpf ) be as in
subsection 3.2. Then the pair of functions (γ,m) given by:
γ : Uˆ0
µ−1Σ
(A, lˆA)→ G(A);
{kσ}σ∈Σ 7→ {τd+Σ(σ)(µdΣ(σ)(
1
p
)kdΣ(σ)µdΣ(σ)(p))}σ∈Z/rZ
together with m : GΣ(A)→ G(A[1
p
]);U 7→ µ(1
p
)U defines a fully faithful
functor
hˆµ : BˆA,pA(G, {µσ}σ∈Σ)→ BA,τ(G),
(of categories in the sense of example 3.2). We let hˆ0µ be the precom-
position of hˆµ with the forgetful functor BA,τ(G)→ BA[ 1
p
],τ (G).
Proof. This follows from lemma 3.5. 
Remark 3.34. Since the fully faithful functors hˆµ and hµ have the same
essential image, we obtain an equivalence between BˆA,pA(G, {µσ}σ∈Σ)
and BA,τ (G, µ), whenever A/pA is reduced.
3.7. Newton points and their specializations. Let k be a perfect
field of characteristic p. We have to recall and apply some of the
key-concepts in [45]: On the set of K(k)-valued points of a reductive
algebraic Qp-group G one defines the important equivalence relation
of F -conjugacy by requiring that b′ ∼ b if and only if b′ = g−1bF g, for
someK(k)-valued point g, writeBk(G) := G(K(k))/ ∼ for the set of F -
conjugacy classes, and B(G) := BFacp (G). If k is algebraically closed we
have Bk(G) = B(G) by [45, Lemma 1.3], and the same independence
result is valid for the set of Newton points that we introduce next:
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Write D for the pro-algebraic torus whose character group is Q and
put
N (G) := (G(K(k))\Hom(DK(k), GK(k)))<F>,
where the left G(K(k))-action is defined by composition with interior
automorphisms, and where the action of the infinite cyclic group < F >
is defined by ν 7→ Fν. Every element b ∈ G(K(k)) gives rise to an
interesting representable SpecQp-group
(31)
ObAlgSpecQp
∋ R 7→ Jb(R) = {g ∈ G(R⊗Qp K(k))|(idR⊗F )g = b−1gb},
and to the so-called slope homomorphism νb : DK(k) → GK(k), for
which we refer the reader to loc.cit. Its formation is canonical in the
sense that IntG(g/K(k))−1 ◦ νb = νg−1bF g, and the centralizer of νb is
equal to Jb,K(k). Consequently, one is in a position to introduce the
Newton-map:
ν : B(G)→ N (G); b 7→ ν(b) := νb,
here notice that the fractionary cocharacters Fνb and νb are lying in
the same conjugacy class.
Let Ω be the Weyl group of a Levi section T of a Qacp -rational Borel
group B ⊂ GQacp . The group Ω ⋊ Gal(Qacp /Qp) acts on the associ-
ated lattice of cocharacters X∗(T ) from the left, and there are natural
inclusions
N (G) ⊂ (Ω\X∗(T )Q)Gal(Qacp /Qp) ⊂ Ω\X∗(T )Q.
Moreover, the set Ω\X∗(T )R is partially ordered in a very natural way,
as one puts Ωx ≺ Ωx′ if and only if x lies in the convex hull of the Ω
orbit of x′, cf. [45, Lemma 2.2(i)]. The same notation is used for the
partial orders on N (G) and B(G) which are immediately inherited via
the Newton map.
Now suppose that G is unramified, so that one can fix a reductive Zp-
model G. It does no harm to assume that T is the generic fiber of
the normalizer T of some maximal split torus of G, and that B is Qp-
rational. Let us fix a BW (k),F (G)-object, i.e. a K(k)-valued element b
of G, where k is assumed to be an algebraically closed extension of Fpf .
• The cocharacter µ : Gm,Qacp → T is called the Hodge point
of b if and only if it is dominant with respect to B and b ∈
G(W (k))µ(p)G(W (k)) holds.
• The BW (k),F (G)-object, represented by the element b is called
G-ordinary if and only if νb lies in the conjugacy class of the
average µ of µ over the group Gal(Qacp /Qp) (the action of which
factors through Gal(Facp /Fp)).
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Observe that in the situation above we have νb ≺ µ under no condi-
tion whatsoever, simply by Mazur’s inequality ([45, Theorem 4.2(ii)]).
Thus b is G-ordinary if and only if µ ≺ νb holds. An element of
Bk(G, {µσ}σ∈Σ) is called G-ordinary if and only if its image under the
functor hˆµ is ResW (Fpr )/Zp G-ordinary. For the purposes of this pa-
per it is necessary to translate the outcome of [56] to our fpqc-stack
B(G, {µσ}σ∈Σ), see also [4]:
Corollary 3.35. Let k be a perfect field containing Fpf , and let P be a
display with (G, {µσ}σ∈Σ)-structure over k. Let Puni/k[[t1, . . . , td]], be
its universal formal equicharacteristic deformation. Then the geometric
generic fiber of Puni is G-ordinary.
Proof. We prove this in several steps:
Step 1. There exists a G-ordinary Fpf -valued point P ′ of B(G, {µσ}σ∈Σ):
This follows immediately from subsubsection 3.3.2.
Step 2. For a suitable Galois extension l of k, we claim that there
exists some 3n-display P˜ with (G, {µσ}σ∈Σ)-structure over some open
neighbourhood U ⊂ Spec l[t] of {0, 1}, that specializes to Pl and P ′l in
the points 0 and 1: In order to check this pick an étale map v from
SpecW (Fpr)[x1, . . . , xn, g
−1] to GΣ, where g is a polynomial which is not
contained in pW (Fpr)[x1, . . . , xn]. Consider the polynomial f(x1, . . . , x2n) :=
g(x1, . . . , xn)g(xn+1, . . . , x2n), and the map
u : SpecS → GΣ; (x1, . . . , x2n) 7→ v(x1, . . . , xn)v(xn+1, . . . , x2n),
where S = W (Fpr)[x1, . . . , x2n, f
−1]. The map u is smooth and surjec-
tive. Now choose representatives U and U ′ for P and P ′. Over a suit-
able extension of the field, these can be lifted to S, in order to achieve
U = u(x1, . . . , x2n), and U
′ = u(x′1, . . . , x
′
2n), where x1, . . . , x2n, x
′
1, . . . , x
′
2n ∈
W (l). Put zi := xi + [t](x
′
i − xi) ∈ W (l[t]), and write h ∈ l[t] for the
(mod p) reduction of the polynomial h(t) := f(x1+t(x
′
1−x1), . . . , x2n+
t(x′2n−x2n)) ∈ W (l)[t]. Observe that z := (z1, . . . , z2n) is aW (l[t, h
−1
])-
valued point of S (the 0th ghost coordinate of f(z1, . . . , z2n) is equal
to h). Note h(0) 6= 0 6= h(1), and let P˜ be the banal 3n-display with
(G, {µσ}σ∈Σ)-structure over Spec l[t, h−1] which is represented by the
element U˜ := u(z) ∈ GΣ(W (l[t, h−1])).
Step 3. By Grothendieck’s specialization theorem (cf. [45, Theorem
3.6(ii)]) the generic fiber of P˜ is G-ordinary as well.
Step 4. The pull-back P˜l[[t]] descents to Spec(k + tl[[t]]), and thus pro-
vides a classifying morphism k[[t1, . . . , td]]→ k + tl[[t]].

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3.8. Automorphisms of windows. In this subsection we study a
characteristic 0 analog of the group (31). Let N be a discretely valued
complete field containing K(Fpf ), and let us assume that the residue
field l = ON/mN is algebraically closed. By means of Witt’s diagonal
∆ : W (l)→ W (W (l)) one can regard W (ON) as an augmented W (l)-
algebra, we have to start with the following observation:
Corollary 3.36. Let us write O ∈ GΣ(W (l)) for the mod mN -reduction
of an element Oˆ ∈ GΣ(W (ON)) that satisfies the (mod p)-nilpotence
condition (so that Oˆ and O represent objects in the window categories
say Bˆ ′W (ON ),pW (ON )+I(ON )(G, {µσ}σ∈Σ) and B ′l (G, {µσ}σ∈Σ)). For every
pair (n1, n2) ∈ N0 × Z, there exists an element m of G(N) such that
the diagram
Aut0(Oˆ)
mod mN
//

Aut0(O) // G(K(l))
intG(N)(m)◦Fn2

G(W (ON)[1p ])
wn1
// G(N)
commutes.
Proof. The content of the corollary does not depend on the particular
pair (n1, n2), this is due to any kˆ ∈ Aut0(Oˆ) satisfying wn1(Oˆd) =
wn1(kˆ)wn1(Oˆd)wn1+1(kˆ) and to a similar formula relating any k ∈
Aut0(O) to its image under F , furthermore if Oˆ is replaced by F
f
Oˆ the
content of the corollary does not change either, because we have F
f
d =
d. We conclude that we may assume ∆(O) ≡ Oˆ mod pON , because
their images under sufficiently large iterates of the Frobenius would sat-
isfy this. Lemma 3.24 allows us to pick a unique h ∈ G(W (pON )) with
∆(Od) = h−1(Oˆd)Fh, in fact remark 3.25 tells us that h∆(k)h−1 = kˆ
holds whenever k ∈ Aut0(O) is the mod mN -reduction of kˆ ∈ Aut(Oˆ).
This implies that F
n
k and wn(kˆ) are conjugated as homomorphisms on
Aut0(Oˆ) and the corollary is proven. 
Remark 3.37. In general the above elements m might not be in G(ON).
Nevertheless, their existence implies also that the mod mN -reduction
induces an injective map from Aut0(Oˆ) to Aut0(O), note that this is
very similar to corollary 3.26.
For the last lemma in this subsection we assume Σ = Z/rZ, so that
we are in the case (i) and (G, {µσ}σ∈Z/rZ) is a Φ-datum.
Lemma 3.38. Consider some Bˆ ′W (ON ),I(ON )(G, {µσ}σ∈Z/rZ)-object given
by U ∈ GΣ(W (ON)). Then there exist
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• a Qp-algebraic group ΓˆU in which ΓˆU(Qp) is Zariski-dense.
• a N-rational inclusion jU : ΓˆU,N →֒ U0µ−1,N
such that jU maps ΓˆU(Qp) onto w0(Aut
0(U)). Moreover j−1U (w0(Aut(U))
is a compact open subgroup of ΓˆU(Qp), and neither (ΓˆU , jU) nor Aut(U)
change upon enlarging N .
Proof. The condition on the Zariski density is imposed only to achieve
the uniqueness of ΓˆU , and can be ignored for proving its existence.
The mod mN -reduction of U gives rise to a B
′
l (G, {µσ}σ∈Z/rZ)-object
O ∈ GΣ(W (l)). Consider the group Aut(FibW (ON )[ 1p ],F (U)) = Γ
0
(of
self-quasi-isogenies of the mod p-reduction of U). Corollary 3.36 and
the commutative diagram
Aut0(U) −−−→ Γ0 mod mN−−−−−−→ Aut0(O)
w0
y w0y y
U0µ−1(N) −−−→ G(N)
intG(N)(m)←−−−−−− G(K(l))
confirm that jU is the restriction of Int
G(m/N) to ΓˆU being the largest
Qp-rational subgroup of JOd (cf. (31)) of which the base change to N is
contained in the N -rational subgroup U0µ˜−1 , where µ˜ = Int
G(m/N) ◦ µ.
The openness of w0(Aut(U)) in the image of jU (i.e. w0(Aut
0(U)))
is a little bit subtle: Let us consider the group Γ of automorphisms
of U , when regarded as a Bˆ ′W (ON ),pW (ON )+I(ON )(G, {µσ}σ∈Z/rZ)-object
(i.e. the group of its mod p-automorphisms). We have a cartesian
diagram:
Aut(U) −−−→ Γ
w0
y w0y
U0µ−1(ON) −−−→ G(ON )
From the definition of JU it follows, that it is enough to check the p-adic
openness of the natural image of Γ in Aut(O), which however follows
from (possibly several applications of) lemma 3.20. The independence
of N is clear. 
4. Auxiliary results on GL(n)
The units of Mat(n× n,R) define the Z-group GL(n), on which we
define the standard involution to be the automorphism
(32) GL(n)
∼=→ GL(n); αi,j 7→ αˇi,j ,
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where αˇi,j are the entries of the inverse to the n × n-matrix having
the element (−1)i+jαn−j+1,n−i+1 in its ith row and jth column, for
1 ≤ i, j ≤ n. The image of the injection
(33) C : Gm →֒ GL(n); a 7→

a . . . 0... . . . ...
0 . . . a

 .
coincides with ZGL(n). By the W (Fpr)-similarity group we mean the
group representing the W (Fpr)-functor:
(34)
G(R) = {(m,A)|m ∈ R×, A ∈ GL(n,R⊗W (Fpr ) W (Fp2r)), A¯ = mAˇ},
where the conjugation ¯ stands for the R-linear extension of the rth
iterate of the absolute Frobenius on W (Fp2r). Notice that Z
G agrees
with the image of the injection
(35) ζ : ResW (Fp2r )/W (Fpr )Gm,W (Fp2r ) →֒ G; a 7→ (aa¯, a),
which we will call the dilatation homomorphism. The canonical sur-
jection
χ : G ։ Gm,W (Fpr ); (m,A) 7→ m
is called the multiplier character, and the canonical homomorphism
ρ : GW (Fp2r ) → GL(n)W (Fp2r ); (m,A) 7→ A
is called the tautological representation, notice that χW (Fp2r ) ⊕ ρ de-
fines an isomorphism from GW (Fp2r ) to Gm,W (Fp2r ) × GL(n)W (Fp2r ) and
that χ ⊗ ρˇ ∼= ρ (and χ ∼= χ) holds. For a Φ-datum of the form
(G, {υσ}σ∈Σ), we will often have to consider two associated Φ-data,
namely (GL(n)W (Fp2r ), {υ
(2)
σ }σ∈Σ(2)) and (Gm,W (Fpr ), {υ(1)σ }σ∈Σ), where
υ
(2)
σ := (F
−σ
ρ)◦υσ and υ(1)σ := (F−σχ)◦υσ. We call (GL(n)W (Fp2r ), {υ
(2)
σ }σ∈Σ(2))
(resp. (Gm,W (Fpr ), {υ(1)σ }σ∈Σ)) the tautological linear (resp. multiplica-
tive) Φ-datum of (G, {υσ}σ∈Σ), notice that giving a W (Fpf )-rational
Φ-datum for the standard unitary group G/W (Fpr) is actually equiva-
lent to giving (GL(n)W (Fp2r ), {υ
(2)
σ }σ∈Σ(2)), subject to the condition that
υˇ
(2)
σ+r
υ
(2)
σ
be a homothety (namely υ
(1)
σ ). Here are some Φ-data, which will
acquire a special importance in this paper:
Definition 4.1. Let r be a divisor of f .
(i) The pair (GL(n)W (Fpr ), {υσ}σ∈Σ) is called a standard linear (resp.
multiplicative) Φ-datum if the weights of υσ are contained in the
interval [0, rΣ(σ)] (resp. are equal to rΣ(σ)).
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(ii) Two pairs (GL(n)W (Fpr ), {υσ}σ∈Σ) and (GL(n)W (Fpr ), {υtσ}σ∈Σ)
of standard linear Φ-data are Cartier duals of each other if and
only if
υtσ = δσυˇσ
holds for all σ ∈ Σ, where (Gm,W (Fpr ), {δσ}σ∈Σ) is the standard
multiplicative Φ-datum.
(iii) The pair (G, {υσ}σ∈Σ) is called a standard unitary Φ-datum if,
G is the W (Fpr)-similarity group (34), 2r is a divisor of f ,
and the aforementioned tautological linear and multiplicative Φ-
data (GL(n)W (Fp2r ), {υ
(2)
σ }σ∈Σ(2)) and (Gm,W (Fpr ), {υ(1)σ }σ∈Σ) are
standard linear and multiplicative ones.
4.1. The functor Flexj,{υσ}σ∈Σ. The purpose of this subsection is to
give a more conceptual approach to [5, 2.2.1], by using the fpqc-stacks
B(GL(n)W (Fpr ), {υσ}σ∈Σ) of our defnition 3.16.
Theorem 4.2. Fix integers l1 ≥ · · · ≥ ln, let h := l1 − ln. Consider
the cocharacter υ : Gm → GL(n) given by
z 7→

zl1 . . . 0... . . . ...
0 . . . zln

 .
Then the group of R-valued points of Iυ consists of all matrices A =
(ai,j)1≤i,j≤n with ai,j ∈ Imax{li−lj ,0}(R), and for every such A ∈ I
υ
(R) =
Uˆ0υ−1(W (R), vR) one has Φ
υ,h
(A) = B = (bi,j)1≤i,j≤n ∈ GL(n,W (R))
with
bi,j =
{
Fhai,jp
lj−li li ≤ lj
Fh+lj−liV lj−liai,j otherwise
.
Furthermore, if
υ′ : Gm → GL(n); z 7→

z
l′1 . . . 0
...
. . .
...
0 . . . zl
′
n


is another cocharacter with l′1 ≥ · · · ≥ l′n and h′ := l′1 − l′n, then
Φ
υ,h
(Iυυ′(R)) ⊂ Iυ′(R) and Φυ′,h′(Φυ,h(A)) = Φυυ′,h+h′(A) holds for
every A ∈ Iυυ′(R).
Proof. One can reduce all statements to the special case of reduced base
Fp-algebrasR, in which case they follow from the equation
Fh(υ(1
p
)Aυ(p)) =
Φ
υ,h
(A), which holds in GL(n,W (R)[1
p
]). 
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4.1.1. Schematicness of Flexj,{υσ}σ∈Σ. Let r be a divisor of f , and let
(GL(n)W (Fpr ), {υσ}σ∈Σ) be a standard linear Φ-datum. Let j : Z/rZ→
N0 be a function with
(i) 0 ≤ j(σ) ≤ rΣ(dΣ(σ))− 1 for every σ, and
(ii) the assignment Z/rZ ∋ σ 7→ (dΣ(σ), j(σ)) is injective.
Define new cocharacters by means of:
(36) H0(
F
d
+
Σ
(σ)
υdΣ(σ)
Cj(σ)
) =: υ˜σ : Gm,W (F
pf
) → GL(n)W (F
pf
)
Note that (GL(n)W (Fpr ), {υ˜σ}σ∈Z/rZ) is a standard linear Φ-datum, as
the weights of υ˜ω are contained in {0, 1}, while
(37) υσ =
∏
dΣ(ω)=σ
F
−d+
Σ
(ω)
υ˜ω
holds. In this section we are going to establish a certain 2-commutative
diagram, namely:
W GL(n)ΣW (F
pf
)
m−−−→ W GL(n)rW (F
pf
)
b(GL(n)W (Fpr ),{υσ}σ∈Σ)
y b(GL(n)W (Fpr ),{υ˜σ}σ∈Z/rZ)y
B(GL(n)W (Fpr ), {υσ}σ∈Σ) Flex
j,{υσ}σ∈Σ−−−−−−−−→ B(GL(n)W (Fpr ), {υ˜σ}σ∈Z/rZ)
q
y qy
Tors(IυΣ) Tors(γ)−−−−→ Tors(I υ˜)
.
We follow subsection 3.3, starting with a description of γ : IυΣ → I υ˜,
to this end consider the cocharacters
dΣ(σ)∏
ω=σ+1
F
−d+
Σ
(ω)
υ˜ω =: Υσ : Gm,W (F
pf
) → GL(n)W (F
pf
),
and let γ :
∏
σ∈Σ I
υσ → ∏r−1ω=0 I υ˜ω be the homomorphism whose ωth
coordinate is given by the formula γω({kσ}σ∈Σ) = ΦΥω ,d
+
Σ(ω)(kdΣ(ω)).
Let m : W GL(n)ΣW (F
pf
) → W GL(n)rW (F
pf
) be the inclusion.
Proposition 4.3. The 1-morphism Flexj,{υσ}σ∈Σ is schematic, quasi-
compact and separated.
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Proof. Notice that for every ω ∈ Σ we have dΣ(ω) = ω, Υω = 1 and a
commutative diagram:
IυΣ γ−−−→ I υ˜x y
Iυω id−−−→ I υ˜ω
It follows that γ : IυΣ → I υ˜ is a closed immersion, moreover the
quotient of I υ˜ by the image of γ is representable by the Fpf -scheme:∏
ω/∈Σ
I υ˜ω ×
∏
ω∈Σ
I υ˜ω/Iυω .
This proves that Tors(γ) is schematic, quasicompact and separated.
Lemma 3.18 implies that the same holds for the oblique map from
B(GL(n)W (Fpr ), {υσ}σ∈Σ) to Tors(I
υ˜
), which is obtained by compos-
ing Flexj,{υσ}σ∈Σ with the projection q : B(GL(n)W (Fpr ), {υ˜σ}σ∈Z/rZ) →
Tors(I υ˜). To finish the proof one only needs to observe that the di-
agonal of the canonical projection q is again schematic, quasicompact
and separated (in fact it is a closed immersion). 
Remark 4.4. In the standard multiplicative situation, the above functor
does not depend on the choice of j, so that it does no harm to denote
it by: Flex{υσ}σ∈Σ : B(Gm,W (Fpr ), {υσ}σ∈Σ)→ B(Gm,W (Fpr ), {C}σ∈Z/rZ)
4.1.2. Composition with the modular character. Later on we need to
consider the character χjσ arising from precomposing γ with the level-0
truncation to I υ˜0 followed by the character
∏r−1
ω=0 χ
GL(n)
υ˜ω
(1, std), i.e.:
I υ˜0
χ
GL(n)r
υ˜ (1,std)−−−−−−−−→ Gm,F
pfx χjσx
I υ˜ γ|Iυσ←−−− Iυσ
,
please see subsection C.1 for the definition of χ
GL(n)
υ˜ω
(1, std). Further-
more, it turns out that χjσ factors through the (mod p)-reduction of a
certain character∏
l∈Z
χGL(n)υσ (l, std)
d˜σ,l = χjσ : Iυσ0 → Gm,W (Fpf ),
in which the exponents are given by the nifty formulae:
d˜σ,l :=
∑
d(ω)=σ, j(ω)<l
pd
+(ω),
PEL MODULI SPACES WITHOUT C-VALUED POINTS 49
for every σ ∈ Σ.
4.1.3. Compatibility with direct sums. If υσ =
(
υ
(1)
σ 0
0 υ
(2)
σ
)
is a decom-
position into matrix blocks of size n(1) × n(1), . . . , n(2) × n(2), with each
υ
(i)
σ being a cocharacter of GL(n(i))W (F
pf
), then so is υ˜σ =
(
υ˜
(1)
σ 0
0 υ˜
(2)
σ
)
,
with each υ˜
(i)
σ being the cocharacter of GL(n(i))W (F
pf
) gotten from the
family υ
(i)
σ by using (36). We have a canonical 2-commutative diagram
B(GL(n)W (Fpr ), {υσ}σ∈Σ) ←−−−
∏2
i=1 B(GL(n(i))W (Fpr ), {υ(i)σ }σ∈Σ)
Flexj,{υσ}σ∈Σ
y ∏2
i=1 Flex
j,{υ
(i)
σ }σ∈Σ
y
B(GL(n)W (Fpr ), {υ˜σ}σ∈Z/rZ) ←−−−
∏2
i=1 B(GL(n(i))W (Fpr ), {υ˜(i)σ }σ∈Z/rZ)
,
where the horizontal arrows are induced from morphisms of Φ-data
((GL(n(1))×GL(n(2)))W (Fpr ), {υσ}σ∈Σ)→ (GL(n)W (Fpr ), {υσ}σ∈Σ)
((GL(n(1))×GL(n(2)))W (Fpr ), {υ˜σ}σ∈Z/rZ)→ (GL(n)W (Fpr ), {υ˜σ}σ∈Z/rZ).
4.1.4. Compatibility with Cartier-Duality. Consider the homomorphism
i : Gm ×GL(n); (m,A) 7→ mAˇ, and let (Gm,W (Fpr ), {δσ}σ∈Σ) be a stan-
dard multiplicative Φ-datum. Notice that i induces maps between two
pairs of Φ-data, namely:
((Gm ×GL(n))W (Fpr ), {(δσ, υσ)}σ∈Σ)→ (GL(n)W (Fpr ), {υtσ}σ∈Σ)
((Gm ×GL(n))W (Fpr ), {(C, υ˜σ)}σ∈Z/rZ)→ (GL(n)W (Fpr ), {υ˜tσ}σ∈Z/rZ)
where {υtσ}σ∈Σ and {υ˜tσ}σ∈Z/rZ are the duals of {υσ}σ∈Σ and {υ˜σ}σ∈Z/rZ
in the sense of part (ii) of definition 4.1. Consider the function
jˇ(σ) := rΣ(dΣ(σ))− j(σ)− 1.
Since υ˜σ is the cocharacter of GL(n)W (F
pf
) obtained from the family
υσ by using (36), we find that each υ˜
t
σ is obtained similarly from the
family υtσ, provided that one uses jˇ instead of j. We have a canonical
2-commutative diagram:
B(GL(n)W (Fpr ), {υtσ}σ∈Σ) ←−−− B((Gm ×GL(n))W (Fpr ), {(δσ, υσ)}σ∈Σ)
Flexjˇ,{υ
t
σ}σ∈Σ
y Flex{δσ}σ∈Σ×Flexj,{υσ}σ∈Σy
B(GL(n)W (Fpr ), {υ˜tσ}σ∈Z/rZ) ←−−− B((Gm ×GL(n))W (Fpr ), {(C, υ˜σ)}σ∈Z/rZ)
,
where the horizontal arrows are the ones that are induced from i. At
last we wish to explain the unitary version of Flexj,{υσ}σ∈Σ, so suppose
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that 2r is a divisor of f , that (G, {υσ}σ∈Σ) is a standard unitary Φ-
datum, and that j is a N0-valued function on Z/2rZ with j(r + σ) =
rΣ(dΣ(σ))− j(σ)− 1 (and (i) and (ii)). Whence it follows that there is
a canonical 2-commutative diagram
B(G, {υσ}σ∈Σ)
χW (F
p2r
)⊕ρ
−−−−−−−→ B((Gm ×GL(n))W (Fp2r ), {(υ
(1)
σ , υ
(2)
σ )}σ∈Σ(2))
Flexj,{υσ}σ∈Σ
y Flexj,{(υ(1)σ ,υ(2)σ )}σ∈Σy
B(G, {υ˜σ}σ∈Z/rZ)
χW (F
p2r
)⊕ρ
−−−−−−−→ B((Gm ×GL(n))W (Fp2r ), {(υ˜
(1)
σ , υ˜
(2)
σ )}σ∈Z/2rZ)
,
according to lemma 3.22.
4.1.5. On the isogeny class of the functor Flex: Fix a (mod r)-multidegree
d+, for some r | f . As in (21), we let Σ be the set of (mod r)-
congruence classes of elements of the form σ + d+(σ). As before, we
pick a monotone bijection Z → Σ(0); j 7→ σj , and we denote max{ω ∈
Z|ω + d+(ω) ≤ σj} by ωj. Let z be the cardinality of Σ, and let Ω
be the set of (mod r)-congruence classes of ω1 < · · · < ωz < r + ω1.
Now suppose that (G/W (Fpr), {υω}ω∈Ω) is aW (Fpf )-rational Φ-datum,
along with:
(38)
z−1∏
j=0
Fωj−σjυωj = µ : Gm,W (Fpf ) →
r−1∏
σ=0
F−σG
(i.e. F
ωj−σj
υωj is the σjth component µσj of µ and all other ones are
trivial). For a point U of G with values in any W (Fpf )-algebra we
let U0, . . . , Ur−1 denote its various components, when the former is
regarded as an element of
∏r−1
σ=0
F−σG. Let l be a perfect field containing
Fpf . By slight abuse of notation we let
(39) Flexd
+
l : BW (l),F (G, µ)→ Bl(G, {υω}ω∈Ω) ∼= BW (l),F (G, υ)
be the 1-morphism introduced by the pair of z-tuples of functions γ =
(. . . , γj, . . . ) and m = (. . . , mj, . . . ), which are defined by
γj(k) :=
Fσj−ωj kσj
mj(U) :=
Fσj−ωjUσj · · · · · F
σj+1−ωj−1
Uσj+1−1,
where the order of multiplication matters and is the one indicated, the
element U lies inG(W (l)), the element k lies inG(W (l))∩µ(p)G(W (l))µ(1
p
)
(N.B.: we do not require that (G, {µω}ω∈Σ) is a Φ-datum).
We begin our analysis with a sober examination of the G = GL(n)W (Fpr )-
case, j denotes a function with properties as outlined at the beginning
of subsubsection 4.1.1:
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Lemma 4.5. Let (GL(n)W (Fpr ), {υσ}σ∈Ω) be a standard linear Φ-datum,
and let µ be as above. Then there exists a canonical 2-commutative di-
agram:
Bl(GL(n)W (Fpr ), {υω}ω∈Ω)
Flexd
+
l←−−−− BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ), µ)
Flexj,{υω}ω∈Ω
y h0µy
Bl(GL(n)W (Fpr ), {υ˜σ}σ∈Z/rZ)
hˆ0υ˜−−−→ BK(l),F (ResW (Fpr )/Zp GL(n)W (Fpr ))
.
Proof. We think ofBK(l),F (ResW (Fpr )/Zp GL(n)W (Fpr ))-objects as isogeny
classes of F -crystals withW (Fpr)-operation overW (l) with eigenspaces
of rank n, and we think of BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ), µ)-objects
as r-tuples U = (U0, . . . , Ur−1) ∈ GL(W (l))r. Let us write
BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ), µ)
G→ BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ))
for the composition hˆυ˜ ◦Flexj,{υσ}σ∈Ω ◦Flexd+ . So we have to construct
a family of quasi-isogenies, say:
gU : hµ(U) 99K G(U),
associated to, and functorial in BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ), µ)-
objects U . Using the oblique functor
hˆυ : Bl(GL(n)W (Fpr ), {υω}ω∈Ω)
→ BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ))
as an intermediary stepping stone, we may construct gU in two stages,
namely:
jP : hˆυ(P) 99K J(P)(40)
dU : hµ(U) 99K D(U),(41)
where J (resp. D) denotes the composition of hˆυ˜ (resp. hˆυ) with
Flexj,{υω}ω∈Ω (resp. with Flexd
+
l ). The definition of (41) follows subsub-
section (6.1.3) almost word for word, it is left to the reader. It remains
to construct jP : Let {Uω}ω∈Ω represent a Bl(GL(n)W (Fpr ), {υω}ω∈Ω)-
object P, and let (B0, . . . , Br−1) and (B˜0, . . . , B˜r−1) be the r-tuples of
matrices that result when applying the two functors hˆυ and J . The
former looks like:
(. . . , Bωj−1 , Bωj−1+1, . . . , Bωj , . . . ) =
(. . . , υωj−1(
1
p
)Uωj−1 , 1, . . . , υωj(
1
p
)Uωj , . . . ),
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(where the “1” stands in the ωj−1 + 1st position) and the latter looks
like:
(. . . , B˜ωj−1 , B˜ωj−1+1, . . . , B˜ωj , . . . ) =
(. . . , υ˜ωj−1(
1
p
)Uωj−1 , υ˜ωj−1+1(
1
p
), . . . , υ˜ωj(
1
p
)Uωj , . . . ).
Let us define a sequence of matrices by kσ =
∏σ−1
ω=ωj−1+1
Fω−σ υ˜ω(p) for
σ ∈ [ωj−1 + 1, ωj], and notice that υωj =
∏ωj
ω=ωj−1+1
Fω−ωj υ˜ω holds for
all j, so that kσBσ = B˜σ
Fkσ+1 is true for every σ ∈ Z/rZ and we are
done. Notice that gU is actually an isogeny. 
Example 4.6. The said quasi-isogenies are fairly complicated, so let
us present an example: Let κ be the W (Fpf )-rational cocharacter
of the Zp-group ResW (Fpr )/Zp Gm,W (Fpr ) corresponding to the standard
multiplicative Φ-datum (GW (Fpr ), {δσ}σ∈Ω) in the sense of (38). Let
T be the Bl(GL(n)W (Fpr ), {δω}ω∈Ω)-object arising from applying the
functor Flexd
+
l to the BW (l)(ResW (Fpr )/Zp Gm,W (Fpr ), κ)-object given by
O := (1, . . . , 1) ∈ Gm(W (l))r. Let
⊕
σ∈Z/rZKσ = K ∈ ObCrisW (Fpr )l
be the Z/rZ-graded F -crystal arising from the image of O under the
functor hκ (to thecategory BW (l)(ResW (Fpr )/Zp GL(n)W (Fpr ))). More
specifically, the σ-eigenspaces of K are given by Kσ = W (l) for all
σ ∈ Z/rZ, while its graded Frobenii F ♯K,σ : Q⊗Kσ+1 → Q⊗Kσ satisfy
F ♯K,σ(1) = p
−Card(d−1({σ})). Notice that J(T ) is W (Fpr)(1). Now gO is
just the precomposition of the canonical isogeny from K to D(O), of
which the effect on the σth eigenspace is given by the formula:
Kσ ∋ 1 7→ pωj−1−ωk−1 ∈ D(O)σ = Fd
+(σ)
Kd(σ),
with the isogeny from D(O) to W (Fpr)(1), of which the effect on the
σth eigenspace is given by:
D(O)σ ∋ 1 7→ pσ−ωj−1−1 ∈ W (l),
whenever σ ∈ [ωj−1 + 1, ωj] ∩ [σk−1 + 1, σk]. In particular gO(Kσ) =
pσ−ωk−1−1W (l) holds for σ ∈ [σk−1 + 1, σk].
For the remainder of this subsubsection we retain the notations in the
proof of the previous lemma, and we assume r ≡ 0 (mod 2) together
with υ r
2
+ω = υ
t
ω for all ω (in the sense of part (ii) of definition 4.1).
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Notice that this implies
µ r
2+σ
µˇσ
= CCard(d
−1({σ})), so that there is a self-
explanatory involution
∗ : BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ), µ)
→ BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ), µ);
(U0, . . . , Ur−1) 7→ (Uˇ r
2
, . . . , Uˇ r
2
−1).
We assume d+(ω) = d+( r
2
+ ω) and Card(d−1({d(ω)}))− j(ω)− 1 =
jˇ(ω) = j( r
2
+ ω) (so that we have υ˜ r
2
+ω = υ˜
t
ω too). For the last result
of this subsubsection, note that BW (l),F (ResW (Fpr )/Zp GL(n)W (Fpr ), µ)-
objects U give rise to functorial isomorphisms not only from hµ(U
∗) to
K⊗W (Fpr ) ˇhµ(U) but also from G(U∗) to G(U)
t
(as similar dualities are
preserved by each of the three factors Flexd
+
l , Flex
j,{υσ}σ∈Ω
l , and hˆυ˜ of
G). Furthermore, it is straightforward to check that the aforementioned
isomorphism carries the inverse of gU∗ to gO ⊗ gˇU , where O is as in
example 4.6. At last fix an r-tuple (a0, . . . , ar−1) satisfying
∀σ : 1− Card(d−1({σ})) = aσ + a r
2
+σ
Card(d−1({r
2
, . . . , r − 1}) ∩ {0, . . . , r
2
− 1}) ≡
r
2
−1∑
σ=0
aσ (mod 2),
and let L ∈ Ob
Cris
W (Fpr )
l
be the Z/rZ-graded F -crystal of which the
σ-eigenspaces are given by Lσ = W (l) for all σ ∈ Z/rZ, while its
graded Frobenii F ♯L,σ : Q⊗ Lσ+1 → Q⊗ Lσ satisfy F ♯L,σ(1) = p−aσ . We
have K ∼= K, and L⊗W (Fpr ) L isomorphic to Kt = Kˇ(1), furthermore
the above parity implies the existence of a unique r-tuple of integers
(x0, . . . , xr−1) such that
∀σ : xσ+1 − xσ = aσ
∀σ ∈ [σk−1 + 1, σk] : xσ + x r
2
+σ = σ − ωk−1 − 1,
which gives rise to a quasi-isogeny h : W (Fpr)(0) 99K L, with h⊗h = gO
(this is meaningful as L ⊗W (Fpr ) L ∼= Kˇ(1) and gO is an isogeny from
K to W (Fpr)(1)). This has two consequences for the scenario in the
proof of lemma 4.5: First, we have another canonical isomorphism
L⊗W (Fpr ) hµ(U∗) ∼= L⊗W (Fpr ) hµ(U)
t
,
second, we have another family of quasi-isogenies gU ◦(h−1⊗idhµ(U)) =:
fU from L ⊗W (Fpr ) hµ(U) to G(U). Furthermore, it is straightforward
to check that the aforementioned isomorphism carries the inverse of
fU∗ to f
t
U . In doing so we obtain the following:
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Corollary 4.7. Let (G, {υω}ω∈Ω) be a standard unitary Φ-datum, and
let µ be defined by the above equation (38). Then there exists a canon-
ical 2-commutative diagram:
Bl(G, {υω}ω∈Ω) Flex
d+←−−−− BW (l),F (ResW (Fpr )/Zp G, µ)
Flexj,{υω}ω∈Ω
y L⊗W (Fpr )h0µy
Bl(GW (Fpr ), {υ˜σ}σ∈Z/rZ)
hˆ0υ˜−−−→ BK(l),F (ResW (Fpr )/Zp G)
.
4.2. Graded 3n-displays with skew-Hermitian structure. We
give a brief sketch of an example: Fix a p-adically separated and com-
plete ringR, recall that 3n-displays are quadruples P = (M,N, F, V −1):
• M is a finitely generated projective W (R)-module
• N ⊂M is a submodule which contains I(R)M
• M/N is projective, when regarded as a module over R
• F : M → M and V −1 : N → M are F -linear maps, satisfying
V −1(V ax) = aF (x) for all x ∈ M and a ∈ W (R) (of which the
Verschiebung is an element in I(R)).
• the image of V −1 generates M as a W (R)-module.
The number rankW (R)(M) is called the height of (M,N, F, V
−1). A
3n-display is called multiplicative (resp. étale) if N = I(R)M (resp.
N =M) holds. A morphism between the 3n-displays (M ′, N ′, F, V −1)
and (M,N, F, V −1) is a W (R)-linear mapping M ′ → M sending N ′
to N and such that the map V −1 is preserved. The dual of the
3n-display P is the quadruple P t = (Mˇ,N⊥, F, V −1), where Mˇ =
HomW (R)(M,W (R)), N
⊥ = {x ∈ Mˇ |(x,N) ⊂ I(R)}, and V −1(x, y) =
(V −1x, V −1y) holds for all x ∈ N and y ∈ N⊥.
Definition 4.8. Let R be a not necessarily commutative finite flat Zp-
algebra. A 3n-display with R-operation is a pair (P, ι) where P is a
display, and where ι : R → End(P) is a Zp-linear homomorphism.
Fix a involution ∗ : R → Rop. Then one defines the dual of (P, ι) to be
the pair (P t, ιt) where ιt is the composition R ∗→ Rop ιop→ End(P)op =
End(P t).
Let B be a commutative and finite étale Zp-algebra, fix a B-algebra
structure on R, and assume that ∗ : R → R is a B-linear. Then
a B-valued skew-Hermitian form on (P, ι) is a pair (K,Ψ), where K
is a étale display of height rankZp B with B-operation and Ψ : P →
K ⊗B⊗ZpW (R) P t is a R-linear isomorphism such that Ψ = − idK⊗Ψt
holds.
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Let R be a W (Fpf )-algebra, and let r be a divisor of f . It is folklore
that R = W (Fpr)-operations on (M,N, F, V −1) are nothing but com-
patible Z/rZ-gradations on N and M with respect to which V −1 and
F are of degree −1. In fact the following theorem holds:
Theorem 4.9. Let (GL(n)W (Fpr ), {υσ}σ∈Z/rZ) be aW (Fpf )-rational stan-
dard linear Φ-datum, and let R be a p-adically separated and com-
plete W (Fpf )-algebra. Then the category of Z/rZ-graded 3n-displays
({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1) such that
rankW (R)(M) = nr(42)
∀σ ∈ Z/rZ : rankR(Mσ/Nσ) = dυσ(1, std)(43)
hold is canonically equivalent to the groupoid of R-valued points of
B(GL(n)W (Fpr ), {υσ}σ∈Z/rZ), furthermore, the equivalence preserves Cartier-
duality.
Proof. We may assume υσ to be the cocharacter
Gm → GL(n); z 7→ diag(
dσ︷ ︸︸ ︷
z, . . . , z,
n−dσ︷ ︸︸ ︷
1, . . . , 1),
where dσ = dυσ(1, std). We write Cod,n for the equivalence that we are
going to exhibit: By the theory of Witt-descent it suffices to construct
the restriction of Cod,n to the subcategories BR(GL(n)W (Fpr ), {υσ}σ∈Z/rZ)
of banalR-displays. Whenever some BR(GL(n)W (Fpr ), {υσ}σ∈Z/rZ)-object
is represented by a r-tuple of matrices (U0, . . . , Ur−1) = U ∈ GL(n,W (R))r
the effect of Cod,n on it is defined as follows: Write
(U0, . . . , Ur−1)
Cod,n7→ ({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1)
where:
Mσ := Mat(n× 1,W (R)) = W (R)⊕n
F : Mσ →Mσ−1;


...
xdσ
y1
...

 7→ Uσ−1


...
Fxdσ
pF y1
...


Nσ := I(R)
⊕dσ ⊕W (R)⊕n−dσ
V −1 : Nσ →Mσ−1;


...
xdσ
y1
...

 7→ Uσ−1


...
V −1xdσ
Fy1
...


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Whenever (k0, . . . , kr−1) = k represents a morphism between two banal
3n-displays which are represented by the r-tuples of matrices k−1σ UσΦ
υσ+1(kσ+1) =
U ′σ and Uσ, then the effect of Cod,n on it is defined as follows: Write kσ
as a block matrix
(
Aσ Bσ
Cσ Dσ
)
with Bσ ∈ Mat(dσ × n − dσ, I(R)), and
let Cod,n(k) act on Cod,n(U
′) =
⊕
σ∈Z/rZMat(n × 1,W (R)) by plain
matrix multiplication.
The functor Cod,n is fully faithful. In order to determine the set of
Z/rZ-graded 3n-displays ({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1) which lie in
the essential image one has to observe that the ring W (R) is separated
and complete with respect to the I(R)-adic topology, so that the mod-
ulesNσ can always be written as I(R)Tσ⊕Lσ for suitable graded normal
decompositions Mσ = Tσ ⊕ Lσ. This allows one to consider the map
(44) F ⊕ V −1 :Mσ → Mσ−1; x+ y 7→ F (x) + V −1(y)
where x ∈ Tσ, and y ∈ Lσ. Following the ideas in, and using the
language of [60, Lemma 9] one proves (44) to be a F -linear isomorphism.

By slight abuse of language we say that ({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1)
is a display with (GL(n)W (Fpr ), {υσ}σ∈Z/rZ)-structure over R if the above
holds, this requires the base ring R to be a W (Fpf )-algebra.
Assume that r is even, and that ∗ is the r
2
th iterate of the absolute
Frobenius. It is folklore that theW (F
p
r
2
)-valued skew-Hermitian struc-
tures on a Z/rZ-graded display ({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1) are
given by a Z/rZ-graded multiplicative display ({Kσ}σ∈Z/rZ, {I(R)Kσ}σ∈Z/rZ, F, V −1)
together with families of perfect pairings Ψσ : Mσ ×Mσ+ r
2
→ Kσ such
that Nσ+ r
2
= {x ∈ Mσ+ r
2
|Ψσ(Mσ, x) ⊂ I(R)Kσ}, and (V −1x, V −1y) =
V −1(x, y) holds for all x ∈ Nσ and y ∈ Nσ+ r
2
.
Corollary 4.10. Let (G, {υσ}σ∈Z/ r
2
Z) be a W (Fpf )-rational standard
unitary Φ-datum, and let R be a p-adically separated and complete
W (Fpf )-algebra.The category of R-valued points of B(G, {υσ}σ∈Z/ r2Z) is
equivalent to the category of Z/rZ-graded 3n-displays ({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1)
withW (F
p
r
2
)-valued skew-Hermitian structure ({Kσ}σ∈Z/ r
2
Z, {Ψσ}σ∈Z/ r
2
Z)
over R, where rankW (R)(M) and rankR(Mσ/Nσ) satisfy (42) and (43)
(with respect to {υ(2)σ }σ∈Z/rZ).
Remark 4.11. Readers, who are familiar with the paper [27] may raise
the question of whether or not the stacks B(GL(n)W (Fpr ), {υσ}σ∈Σ) of
our definition 3.16 may allow a characterization as moduli for Z/rZ-
graded Langer-Zink displays (of the correct rank and with the correct
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Hodge numbers). If υσ is not minuscule the answer seems to be ’no’,
however one should expect that there is still a 1-morphism from the
latter to the former, and a similar statement should hold under presence
of additional structures.
4.3. Deformations with constant Newton polygon. Let k be an
algebraically closed field of characteristic p, let r be a positive even in-
teger, let P = ({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1) be a Z/rZ-graded dis-
play over k, and let {Ψσ}σ∈Z/rZ be a skew-Hermitian structure thereon
(N.B.: It does no harm to take Kσ = W (k), so that Ψσ is an iso-
morphism from Mσ to Mˇσ+ r
2
). Let us write s1 ≥ · · · ≥ sn for the
V -slopes of M , in the sense of [58], notice that 1 − sn−i+1 = si ∈]0, 1[
holds, and let us write Q⊗Mσ =
⊕
Q∋lMl,σ for the V -slope decompo-
sition of Q ⊗M . One knows that for some integer 0 < s ≡ 0 (mod r)
and suitable elements ei,σ ∈ Mσ the following assertions hold for all
σ ∈ {0, . . . , r
2
− 1}, and every i ∈ {1, . . . , n}:
• e1,σ, . . . , en,σ is a W (k)-basis for Mσ
• F d(Mσ) ⊃ p(1−si)s(Mσ ∩
⊕
l≥si Ml,σ)
• F d(ei,σ)− p(1−si)sei,σ ∈
⊕
Q∋l>si Ml,σ
• Ψσ(ei,σ, ej,σ+ r
2
) = (−1)iδi+j,n+1
With respect to a choice of bases as above, we let Aσ ∈ Mat(n ×
n,W (k)) be the matrix describing the homomorphism V ♯|Mσ from
Mσ =
⊕n
i=1W (R)ei,σ to W (R) ⊗F,W (R) Mσ+1 =
⊕n
i=1W (R) ⊗ ei,σ+1,
due to the slope filtration it has the shape of an upper triangular block
matrix, and the same is true for
F s−1As−1 . . . FA1A0 =: A
moreover, one knows that A can be written as a product A = Lα(p),
where we let α : Gm,W (k) → GL(M0/W (k)) stand for the cocharac-
ter with α(z)ei,0 = z
sisei,0 and where L is an element of the group
U1α(W (k)) (i.e. the integral upper triangular block matrices whose di-
agonal entries are equal to 1). From now on we assume that M has
at least two different slopes, say sm > sm+1 for some fixed index m,
and we want to pay attention to the three corresponding submatri-
ces Bσ ∈ Mat(b × b,W (k)) (resp. Dσ ∈ Mat(d × d,W (k)) and Cσ ∈
Mat(b× d,W (k))), such that the family of block matrices
(
Bσ Cσ
0 Dσ
)
just describe the restrictions of the homomorphism V ♯ to the subquo-
tients
(45) (Mσ ∩
⊕
l≥sm+1
Ml,σ))/(Mσ ∩
⊕
l>sm
Ml,σ),
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as σ varies, furthermore the same applies to A giving rise to a block
matrix
(
psms C
0 psm+1s
)
given by
F s−1Bs−1 . . .
FB1C0 + · · ·+ F s−1Cs−1F s−2Ds−2 . . .D0 = C
(and psm+1s divides C). Consider the W (k)[[t]]-module W (k)[[t]]⊗W (k)
M =: M˜ and the frame (W (k)[[t]], pW (k)[[t]], τ) where τ is defined
by τ(t) = tp. We will use the technique of Norman to define (a
family of) Z/rZ-graded skew-Hermitian W (k)[[t]]-windows whose un-
derlying W (k)[[t]]-module is M˜ , and whose special fiber is M . Let
H = (H0, . . . , H r
2
−1) be a r2-tuple of b × d-matrices over W (k) and
proceed further as follows: Define a W (k)[[t]]-valued element Uσ of
GL(Mσ/W (k)) by decreeing Uσ− idM˜σ to be an upper triangular block
matrix with a single non-zero block, namely tHσ (sitting in the same po-
sition as Cσ, being the b×d-block lying above them+1st row and to the
right of the mth column). For the time being we fix H and declare Uσ
to be Uˇσ− r
2
for all σ ∈ { r
2
, . . . , r− 1}. Note that Uσ ≡ idM˜σ mod t, so
that precomposing F and V −1 with Uσ yields some Z/rZ-graded skew-
Hermitian W (k)[[t]]-window HM˜ , whose special fiber is M . Also, note
that the corresponding matrix for its Verschiebung V ♯|M˜σ from HM˜σ to
W (R)⊗F,W (R)HM˜σ+1 is AσU−1σ = A˜σ ∈ Mat(n×n,W (k)[[t]]), of which
the restriction to (45) gives rise to some block matrix
(
Bσ C˜σ
0 Dσ
)
, and
Cσ − C˜σ = tBσHσ holds at least for σ ∈ {0, . . . , r2 − 1}.
Similarly F
s−1
A˜s−1 . . . F A˜1A˜0 =: A˜ gives us yet another block ma-
trix
(
psms C˜
0 psm+1s
)
, and psm+1s divides C˜. Next we study criterions
for HM˜ to be an isotrivial deformation of M , so suppose that some
Z/rZ-graded homomorphism hσ : HM˜σ → 0M˜σ lifts pc idM for some
c ∈ N0. Again we want to look at the matrix of hσ: Due to slope
reasons this is a upper triangular block matrix, and due to the rigid-
ity of unit root crystals, its diagonal entries are equal to pc (cf. [60,
lemma 42]), furthermore the Z/rZ-graded homomorphism that is in-
duced on (45) is again described by a family of block matrices
(
pc kσ
0 pc
)
for certain kσ ∈ Mat(b × d, tW (k)[[t]]) and an inspection h0 shows
F sk0 − p(sm−sm+1)sk0 = pc C−C˜psm+1s . It is easy to see that this equation
has no solution unless H0 = · · · = H r
2
−1 = 0, in which case it has a
unique solution being k0 = 0. In a later section we need the following
important lemma:
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Lemma 4.12. Let γ : P1 → P2 be a Z/rZ-graded isogeny between
two Z/rZ-graded displays (possibly equipped with skew-Hermitian struc-
tures) over an algebraically closed field k. If P1 (and hence P2) pos-
sesses more than one Newton slope, then there exists at least one non-
isotrivial deformation γ˜ : P˜1 → P˜2 with a constant Newton-polygon
over k[[t]].
Proof. We deform P1 by following the algorithm explained above, but
we choose 0 6= H ≡ 0 modulo a very large power of p, so that one can
use transport of structure to find a corresponding deformation P˜2 of
P2. 
4.4. Interlude on B. In this subsection we study some examples for
morphisms between Φ-data, in the sense of subsubsection 3.3.1:
Definition 4.13. A family of standard linear Φ-data
{(GL(ni)W (Fpr ), {υi,σ}σ∈Z/rZ)}i∈π
is called multicompact if the following holds:
(C1) For every σ the cardinalities of the sets {i ∈ π|υi,σ(z) = z} and
{i ∈ π|υi,σ(z) = 1} are both at least: Card(π)−12 ,
(C2) Card(π) is odd, and
(C3) there exists at least one ς ∈ π for which the cardinality of at
least one of the two aforementioned sets is at least: Card(π)+1
2
.
A family of standard unitary Φ-data
{(Gi, {υi,σ}σ∈Z/rZ)}i∈π
is called multicompact if the family of their tautological linear Φ-data
{(GiW (Fp2r ), {υ
(2)
i,σ}σ∈Z/rZ)}i∈π is multicompact.
Let us explain the relevance of multicompactness: Let {(GL(ni)W (Fpr ), {υi,σ}σ∈Z/rZ)}i∈π
be a multicompact family of standard linear Φ-data, assume we are
given a Z/rZ-graded 3n-display
Si = ({Mi,σ}σ∈Z/rZ, {Ni,σ}σ∈Z/rZ, F, V −1)
with (GL(ni)W (Fpr ), {υi,σ}σ∈Z/rZ)-structure over R, for each i ∈ π. We
wish to define another Z/rZ-gradedR-display ({Mσ}σ∈Z/rZ, {Nσ}σ∈Z/rZ, F, V −1),
of which the Z/rZ-graded Hodge filtration Mσ ⊃ Nσ looks like:⊗
i∈π
Mi,σ ⊃
′⊗
i∈π
Ni,σ =∑
Card(I)=
Card(π)+1
2
(
⊗
i∈I
Ni,σ)⊗W (R) (
⊗
i∈π−I
Mi,σ)
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and whose F -linear map V −1 : Nσ →Mσ−1 of degree −1 reads:
(46) V −1(
⊗
i∈π
xi) := (
⊗
i∈I
V −1(xi))⊗ (
⊗
i∈π−I
F (xi))
here it is understood that xi ∈
{
Ni,σ i ∈ I
Mi,σ i /∈ I
holds for some Card(π)+1
2
-
element set I ⊂ π. The well-definedness of V −1 and the unique F that
goes with it can be checked along the lines of [5, Proposition 4.3], by
choosing a normal decomposition. Observe that
(47) p
Card(π)−1
2 F (
⊗
i∈π
xi) =
⊗
i∈π
F (xi)
holds for all xi ∈Mi,σ.
Definition 4.14. With the notation and under the assumptions at the
beginning of this subsection we define the restricted tensorproduct of
the multicompact family Si = ({Mi,σ}σ∈Z/rZ, {Ni,σ}σ∈Z/rZ, F, V −1) of
displays with (GL(ni)W (Fpr ), {υi,σ}σ∈Z/rZ)-structure over R, to be the
Z/rZ-graded R-display which is given by the quadruple
(48)
⊗˙
i∈π
Si := ({
⊗
i∈π
Mi,σ}σ∈Z/rZ, {
′⊗
i∈π
Ni,σ}σ∈Z/rZ, F, V −1),
where F and V −1 are defined as above.
If {Si}i∈π is as above then
⊗˙
i∈πSti is the Cartier dual of (48), and if
r is even, then it is easy to see that a W (F
p
r
2
)-valued skew-Hermitian
structure on each Si gives rise to a W (Fp r2 )-valued skew-Hermitian
structure on
⊗˙
i∈πSi (we leave it to the reader to define the Z/rZ-
graded tensorproducts of étale displays).
Definition 4.15. Fix a family of standard linear (resp. unitary) Φ-
data {(Gi, {υi,σ}σ∈Z/rZ)}i∈Λ, and assume that Π is a fixed set of multi-
compact subsets with
⋃
Π = Λ.
Let {Rπ}π∈Π (resp. {(Rπ, ∗)}π∈Π) be a family of not-necessarily com-
mutative finite flat W (Fpr)-algebras (resp. W (Fp2r)-algebras equipped
with a -¯equivariant involution ∗).
Suppose that we are given a display with (Gi, {υi,σ}σ∈Z/rZ)-structure
Si for every i ∈ Λ. By an {Rπ}π∈Π-operation (resp. {(Rπ, ∗)}π∈Π-
operation) on the family {Si}i∈Λ we mean a family {sπ}i∈Π, where sπ
is a W (Fpr)-linear (resp. ∗-preserving W (Fp2r)-linear) homomorphism
from Rπ to EndW (Fp2r )(
⊗˙
i∈πSi).
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Let B{Rπ}π∈Π (resp. B{(Rπ ,∗)}π∈Π) be the stack whose objects are
those pairs ({Si}i∈Λ, {sπ}π∈Π), with isomorphisms being tuples ζi :
S ′i
∼=→ Si such that the diagrams:⊗˙
i∈πSi
⊗˙
i∈πζi←−−−− ⊗˙i∈πS ′i
sπ(a)
x sπ(a)x⊗˙
i∈πSi
⊗˙
i∈πζi←−−−− ⊗˙i∈πS ′i
commute.) We will usually study this together with the map
B→
∏
i∈Λ
B(Gi, {υi,σ}σ∈Z/rZ)
5. On Flexd
+
Let A be a commutative ring satisfying pA = 0. For every non-
negative integer m we will write p
m√
A for the A-algebra whose un-
derlying ring is A, and whose A-algebra structure is defined by the
homomorphism x 7→ xpm, the mth iterate of the absolute Frobenius,
notice that their direct limit
lim
→
pm
√
A =:
p∞
√
A
is the usual perfection of the reduction of A. For an element x of A we
use the notation p
m√
x ∈ pm√A to express the alteration of A-algebra
structure on the same ring (the pm-th power of p
m√
x agrees with the
image of x under the structural morphism A→ pm√A). In this section
we study the functor Flexd
+
of subsubsection 3.3.3. Unlike many other
functors in this paper, it does not seem to be schematic, so that we
need remedies to cope with it. We will need the following lemma:
Lemma 5.1. Let R be the ring p
∞√
k ⊗k p∞
√
k, where k is a field of
characteristic p. Let J0 be the ideal {x ∈ R|xp = 0}. Then R is
J0-adically separated.
Proof. In order to control the situation we use a p-basis {xi|i ∈ I},
so that every element of k has a unique representation as a sum x =∑
n a
p
nx
n where n = (. . . , ni, . . . ) runs through the set of multiindices
with p− 1 ≥ ni ≥ 0 and ni = 0 for almost all i. It is easy to see that
p∞
√
k is the quotient of the polynomial algebra k[{ti,e|i ∈ I , e = 1, . . . }]
by the ideal which is generated by tpi,e+1−ti,e and tpi,1−xi. Now consider
si,e := ti,e ⊗ 1− 1⊗ ti,e ∈ p
∞√
k ⊗k p
∞√
k.
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It follows that p
∞√
k ⊗k p∞
√
k is the quotient of the polynomial algebra
p∞
√
k[{si,e|i ∈ I , e = 1, . . . }] by the ideal which is generated by spi,e+1−
si,e and s
p
i,1. We deduce that there exist ring endomorphisms θI0 : R→
R, defined by
si,e 7→
{
si,e i ∈ I0
0 i /∈ I0
for every finite subset I0 ⊂ I. Notice that each θI0 preserves J0, and
that θI0 = θI0 ◦ θI0 .
Now J0 is generated by the elements si,1, so that J
ν
0 is generated by the
set {∏i sνii,1|∑i νi = ν}. The only multiindices which give rise to non-
zero products are bounded by νi ≤ p− 1, and these are seen to involve
factors indexed by at least ν
p−1 many elements of I. Consequently one
has θI0(J
ν
0 ) = 0 provided that Card(I0) <
ν
p−1 . Now consider some
x ∈ ⋂ν Jν0 , and choose a large finite set I0 with θI0(x) = x. We deduce
x ∈ θI0(J1+(p−1)Card(I0)0 ) = 0. 
5.1. Faithfulness properties. From now onwards we fix (G/W (Fpr), {µσ}σ∈Σ).
In this subsection we further the study of faithfulness properties of
B′(G, {µσ}σ∈Σ) Flex
d+→ B′(G, {µ˜σ}σ∈Σ˜),
please recall F
d+(σ)
µd(σ) = µ˜σ. Let us begin with the following triviality:
Lemma 5.2. Let A be a Fpf -algebra which is separated with respect to
the J0-adic topology where J0 = {x ∈ A|xp = 0}. Then the func-
tor Flexd
+ |B′(G,{µσ}σ∈Σ) is faithful (i.e. injective on B
′
(G, {µσ}σ∈Σ)-
morphisms).
Proof. In view of corollary 3.26 this is clear, because the kernel of
Flexd
+
is killed by a power of Frobenius. 
Due to lemma 5.1 we can draw the following conclusion:
Corollary 5.3. If k is any field extension of Fpf , then the functor
Flexd
+
is faithful over the ring R = p
∞√
k ⊗k p∞
√
k.
5.2. Separation properties of Flexd
+ |B′(G,{µσ}σ∈Σ). In the following
result × denotes the fiber product of rings:
Proposition 5.4. Let Fpf ⊂ A ⊂ B be a ring extension. Let P and
Q be displays with (G, {µσ}σ∈Σ)-structure over SpecA and let ψ be an
isomorphism between Flexd
+
(P) and Flexd+(Q). Assume that one of
the following two assumptions is in force:
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(i) The nilradical of B is trivial and
A ∼= B × p√B p
√
A
holds.
(ii) The nilradical of B is nilpotent and A is noetherian.
Then the 2-isomorphism ψ has a preimage under Flexd
+ |B′(G,{µσ}σ∈Σ) if
and only if the same statement holds for the scalar extension ψB
Proof. The functor Flexd
+
is faithful over B and over A, in both cases
(i) and (ii), in particular a preimage over A is always unique and it
exists if and only if the given preimage φB ∈ Hom(PB,QB) descents
to an isomorphism between P and Q (for example by using the sepa-
retedness of the diagonal). It seems to be elementary to check the case
(i) of the assertion directly from the formula (26). More general, let us
say that ψ becomes flexed over some A-algebra B′ if one has found a
preimage of ψB′ . We do the proof of (ii) in several steps:
Step 1. A is a product of finitely many fields.
It is clear that we can reduce the situation to the case of a single field,
in which case B can be assumed to be a field as well, in fact B can be
assumed to be equal to the perfection of A, according to part (i) of our
proposition. Now we merely have to prove that the scalar extensions
by means of the two maps B ⇒ B ⊗A B give the same answer when
applied to the isomorphism φB. As these are still preimages of ψB⊗AB
we conclude by using corollary 5.3.
Step 2. A is a reduced complete local noetherian ring.
By the previous step and part (i) of proposition 5.4 we know that ψ
becomes flexed over the normalization A′. Now part (ii) of corollary
3.28 and [19, Théorème (23.1.5)] tell us that we only need to know
that ψ becomes flexed over A/ rad(A) which is dealt with by another
application of the previous step.
Step 3. A is a complete local noetherian ring.
This case follows from the previous step and part (i) of corollary 3.28.
Step 4. A is a reduced local noetherian ring.
By step 1 we do know that ψ becomes flexed over K(A). By the
previous step we have the same result over the completion Aˆ. Due to
A = Aˆ ∩K(A) this is sufficient.
Step 5. A is a general noetherian ring.
As before we can assume reducedness. By (flatness of Ap and) the
previousstep we have that ψ becomes flexed over the local rings Ap.
Now use A =
⋂
p∈SpecAAp, the intersection taking place in K(A).
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
As a consequence we get the full faithfulness of Flexd
+ |B′(G,{µσ}σ∈Σ)
over all reduced noetherian Fpf -algebras. Here is a separatedness prop-
erty of Flexd
+ |B′(G,{µσ}σ∈Σ), as promised in the title of this subsection:
Theorem 5.5. Let A be a noetherian Fpf -algebra and let P and Q
be displays with (G, {µσ}σ∈Σ)-structure over SpecA and let ψ be a 2-
isomorphism between Flexd
+
(P) and Flexd+(Q). Then there exists a
nilpotent ideal Iψ ⊂ A, such that the following two assertions are equiv-
alent for all A-algebras B with nilpotent nilradical:
(i) There exists PB φ→ QB such that Flexd+(φ) = ψB holds.
(ii) BIψ = 0
Proof. It is clear that the set Iψ = {I ⊂ A|ψA/I is flexed} is stable
under intersections of finitely many ideals, and it is also clear that⋂Iψ =: Iψ ∈ Iψ is all we need to know. One can apply part (ii) of
proposition 5.4 to the ring extension Ared →֒ p∞
√
A, and so we know√
0A ∈ Iψ. The nilradical of
∏
Iψ∋I⊂
√
0A
A/I is nilpotent and so we
know that Iψ ∈ Iψ. 
Definition 5.6. Let A be a regular noetherian Fpf -algebra and let P˜
be a display with (G, {µ˜σ}σ∈Σ˜)-structure over SpecA. Suppose we are
given
• another regular noetherian Fpf -algebra B, together with a Fpf -
linear injection A→ B such that, B is radicial and finite (hence
faithfully flat) over A,
• a display P with (G, {µσ}σ∈Σ)-structure over SpecB, and
• an isomorphism
(49) Flexd
+
(P) ∼=→ P˜B.
Then we call this a diagonalization if the kernel of the diagonal mor-
phism B⊗AB → B agrees with the ideal Iψ where ψ : Flexd+(pr∗1P)→
Flexd
+
(pr∗2P) results from (49) (with pri : B → B ⊗A B being the co-
ordinates).
We are now able to state our first serious result:
Theorem 5.7. Let A be a regular noetherian Fpf -algebra, such that
p
√
A
is finite over A. Let SpecA
P˜→ B′(G, {µσ}σ∈Σ) be as in definition 5.6.
Between any two diagonalizations there exists a unique isomorphism.
A diagonalization exists in each of the following cases:
(i) A is a field (of finite degree of imperfection)
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(ii) A is a complete local ring with perfect residue field, and P is
the universal formal deformation of its special fiber
(iii) A is a smooth algebra over a perfect field, and the pull back of P
to the completed local ring Aˆm agrees with the universal formal
deformation of its special fiber, for every maximal ideal m.
Moreover, in case (ii) the diagonalization is also the universal formal
deformation of its special fiber and in case (iii) the diagonalization also
satisfies the property given in (iii).
Proof. It is clear, that under no assumption whatsoever, one can find an
isomorphism Flexd
+
(P ′) ∼=→ P˜ pn√A for a sufficiently large integer n and a
pn
√
A-valued point P ′ of B′(G, {µσ}σ∈Σ). Under the above assumptions
the functor Flexd
+
is fully faithful over any ring B containing A and
contained in p
n√
A. So some preimage P of P˜B is unique up to a unique
isomorphism, provided that it exists, in particular we have a canonical
isomorphism between P ′ and P pn√A.
Thus, in order to study diagonalizations in the sense of definition 5.6,
one must pay particular attention to the ring B. Furthermore, let
ψ′ : Flexd
+
(pr∗1P ′) → Flexd
+
(pr∗2P ′) be the canonical 2-isomorphism
resulting from Flexd
+
(P ′) ∼= P˜ pn√A (with pri :
pn
√
A → pn√A ⊗A pn
√
A
being the coordinates). However, the cocartesianism of the diagram
pn
√
A⊗A pn
√
A −−−→ pn√A⊗B pn
√
Ax x
B ⊗A B −−−→ B
shows that there exists a diagonalization over a regular ring B if and
only if B = {x ∈ pn√A|x ⊗ 1 − 1 ⊗ x ∈ Iψ′} holds, because of the
exactness of
B → pn
√
A⇒
pn
√
A⊗B p
n√
A.
The rest of the proofs of (i), (ii) and (iii) are obvious. 
6. Realizations of 3n-displays with additional structure
In this section we need a few category theoretic preliminaries. Sup-
pose that Q is a projective and finitely generated module over a com-
mutative ring B, and let M be an object in an additive and Karoubian
B-linear category C. We let Q⊗B M ∈ ObC be the object representing
the covariant functor N 7→ HomB(Q,Hom(M,N)). By a module in C
over a B-algebra C we mean some M ∈ ObC together with a B-linear
homomorphism ιM : C → End(M). The class of C-modules in C is
an additive and Karoubian category in its own right, and we denote it
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by CC . From now on we always assume that C has the structure of an
associative, commutative and unital B-linear ⊗-category. If C is com-
mutative as a ring and projective as a C⊗BC-module, then the formula
C⊗C⊗BC (M⊗N) =:M⊗CN defines an associative, commutative and
unital C-linear ⊗-structure on the category CC of C-modules in C.
Suppose in addition, that C is an étale and finite B-algebra of degree
2 over B, and that we are given a commutative diagram
(50)
R ∗−−−→ Rx x
C
¯−−−→ C
,
in which ∗ stands for a B-linear involution on a fixed C-algebra R,
while the horizontal map at the bottom is the involution on C given by
x 7→ x¯ := trC/B(x)−x. Accordingly we decree for any M ∈ ObCR (resp.
M ∈ ObCC) the Rop-module M∗ (resp. the C-module M¯) to have the
conjugated Rop-operation Rop ∗→ R ιM→ End(M) (resp. C-operation
C
¯→ C ιM→ End(M)) on the same underlying C-object M . By a C-
skew-Hermitian (R, ∗)-module in C we mean a triple (M,K,Ψ), where
M ∈ CR, K ∈ C, and Ψ is a CC-morphism from the R⊗C Rop-module
M ⊗C M∗ to C ⊗B K satisfying the following properties:
• The composition of Ψ with the CC-endomorphisms onM⊗CM∗
induced by the elements 1R ⊗ a− a⊗ 1Rop ∈ R⊗C Rop vanish
for all a ∈ R.
• The composition of Ψ with the C-endomorphism on M ⊗C M∗
given by x⊗ y 7→ y∗⊗x∗ agrees with −Ψ, which is the precom-
position of Ψ with the C-endomorphism¯⊗ (− idK) on C ⊗B K
given by x⊗ y 7→ −x¯⊗ y.
If C is a rigid ⊗-category, then so is CC , and in this case we will say
that a triple (M,K,Ψ) as above is perfect, if Ψ is induced from a CR-
isomorphism M
∼=→ K ⊗C Mˇ∗.
It goes without saying that by “skew-Hermitian C-module in C” we
mean a C-skew-Hermitian (C,¯ )-module in C. We need the follow-
ing construction: Fix a family {(Mi, Ki,Ψi)}i∈Λ of skew-Hermitian C-
modules in C which is indexed by a finite set Λ. For every π ⊂ Λ one
can consider tensor products⊗
i∈π
Mi =: M
π ∈ ObCC(51) ⊗
i∈π
Ki =: K
π ∈ ObC.(52)
PEL MODULI SPACES WITHOUT C-VALUED POINTS 67
Notice that M¯π ∼= ⊗i∈π M¯i, so that every π may give rise to a CC-
morphism Ψπ, defined by the tensor product of the Ψi’s:
Ψπ : Mπ ⊗C M¯π → C ⊗B Kπ;(53)
(
⊗
i∈π
xi)⊗ (
⊗
i∈π
yi) 7→
⊗
i∈π
Ψi(xi, yi),(54)
thus defining a skew-Hermitian C-module (Mπ, Kπ,Ψπ) in C, provided
that the cardinality of the set π is an odd number.
Definition 6.1. Let B0 be a commutative ring, and let C be an ad-
ditive and Karoubian, associative, commutative and unital B0-linear
⊗-category. Let B be a commutative B0-algebra which is projective as
a B ⊗B0 B-module, and let C be a finite and étale B-algebra of de-
gree 2 over B. Let Π be a set of subsets of Λ, with the cardinality of
each member of which being a odd number. Let {(Rπ, ∗)}π∈Π be a fam-
ily of C-algebras with involution in the above sense (of (50)). Then
we let CΛ,{(Rπ ,∗)}π∈Π be the isomorphism category of pairs of families
({(Mi, Ki,Ψi)}i∈Λ, {sπ}π∈Π) such that the following is true:
• The triple (Mi, Ki,Ψi) is a skew-Hermitian C-module in CB,
for every i ∈ Λ.
• The homomorphism sπ : Rπ → EndC(Mπ) defines a C-skew-
Hermitian (Rπ, ∗)-module structure on the skew-Hermitian C-
module (Mπ, Kπ,Ψπ) (cf. (51), (52), (53), (54)), for every π ∈
Π.
In this section we are primarily interested in rings B which are ei-
ther fields of characteristic 0 or Dedekind rings of which the fraction
field has characteristic 0. Consider a smooth and affine B-group G
with connected fibers. Observe that the perfect skew-Hermitian C-
modules in Rep0(G) are precisely given by homomorphisms ρ : G →
GU(V/C,Ψ), where Ψ is a perfect skew-Hermitian form on a finitely
generated torsionfree C-module V. In this paper, a very typical class of
CΛ,{(Rπ,∗)}π∈Π-objects arises in the following way: Fix a pair of families
T = ({(Vi, ρi,Ψi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π), where
• {(Vi, ρi,Ψi)}i∈Λ is a perfect skew-Hermitian C-module in Rep0(G),
for every i ∈ Λ, and
• ιπ : Rπ → EndC(Vπ) is a C-skew-Hermitian (Rπ, ∗)-module
structure on
⊗
i∈π Vi, for every π ∈ Π,
and observe that any B-linear ⊗-functor M : Rep0(G)→ CB may sim-
ply be evaluated on the representations ρi (resp. their multiplier char-
acters or their skew-Hermitian forms) to obtain Mi ∈ ObCC (resp. Ki ∈
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ObCB or Ψi). Each ιπ yields a C-skew-Hermitian (Rπ, ∗)-module struc-
ture on the skew-Hermitian C-module (Mπ, Kπ,Ψπ) in a similar way.
We will say that the CΛ,{(Rπ ,∗)}π∈Π-object ({(Mi, Ki,Ψi)}i∈Λ, {sπ}π∈Π)
arises from the B-linear ⊗-functor M by restriction to T, and denote
it by: M |T.
6.1. Graded Realizations functors. Let us complement the corol-
lary 3.8 with the following result, whose proof follows along identical
lines.
Lemma 6.2. Let the assumptions on a W (Fpf )-group G, on a cochar-
acter υ : Gm,W (F
pf
) → G and on h ≥ 1 be as in proposition 3.5. Let
ρ : G → GL(n)W (F
pf
) be a representation, such that ρ ◦ υ has no posi-
tive weight, so that there exists an effective cocharacter β : A1W (F
pf
) →
Mat(n×n)W (F
pf
) with β|Gm,W (F
pf
)
= ρ◦υ−1. Then, one has an equality
F h ◦ (β(p)Wρ|Iυ) = (WF
h
ρ ◦ Φυ,h)Fhβ(p)
of functions from Iυ to W Mat(n× n)F
pf
.
The previous result is going to enter into the construction of certain
realization functors, which we define in this subsection. We want to
begin with a short description of their target categories:
Definition 6.3. Let A be a p-adically complete and separated ring A,
and let τ : A → A be endomorphism satisfying τ(x) ≡ xp (mod p) for
all x ∈ A.
• By a F -module (resp. V -module) over (A, τ) we mean a pair
(M,F ♯) (resp. (M,V ♯), consisting of a finitely generated and
projective A-module M , together with an A-linear map F ♯ :
A ⊗τ,A M → M (resp. V ♯ : M → A ⊗τ,A M). For every
0 ≥ n ∈ Z (resp. n ∈ N0) we let A(n) be the F -module (resp.
V -module) over (A, τ) which is given by the pair (A, idA
pn
) (resp.
by (A, pn idA)).
• By a τ -crystal over A, we mean a triple (M,F ♯, V ♯) consisting
of a finitely generated and projective A-module M , together with
a pair of mutually invers A-linear bijections F ♯ : A[1
p
]⊗τ,AM →
Q⊗M and V ♯ : Q⊗M → A[1
p
]⊗τ,A M
• The category FModA,τ (resp. VModA,τ) consisting of all F -
modules over (A, τ) (resp. V -modules over (A, τ)) is defined
by decreeing its morphisms to be the class of A-linear maps
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h : N →M rendering the diagram
A⊗τ,A M F
♯
M−−−→ M
idA⊗h
x hx
A⊗τ,A N F
♯
N−−−→ N
(resp.
M
V ♯M−−−→ A⊗τ,A M
h
x idA⊗hx
N
V ♯N−−−→ A⊗τ,A N
)
commutative, for some objects (M,F ♯M) and (N,F
♯
N) of FModA,τ
(resp. (M,V ♯M) and (N, V
♯
N) of VModA,τ).The category CrisA,τ
consisting of all τ -crystals over A is defined by decreeing its
morphisms to be the class of A-linear maps h : N → M such
that any of the above diagrams commutes upon tensorization
with Q.
It is clear that all of FModA,τ , VModA,τ and CrisA,τ are addi-
tive and Karoubian categories. Also, notice that there exists a bi-
additive, natural, associative, commutative and unital ⊗-structure on
each of them. Observe that (CrisA,τ ,⊗) is rigid, while (FModA,τ ,⊗)
and (VModA,τ ,⊗) are not. Instead, passage to the dual underlying
module yields a natural anti-equivalence between (FModA,τ ,⊗) and
(VModA,τ ,⊗). Finally notice that there exist natural faithful forget-
ful Vec(SpecA)-valued ⊗-functors on FModA,τ , VModA,τ and CrisA,τ ,
and it will not cause confusion to denote all of them by ωA.
In this paper the rings A will usually have the structure of a W (Fpf )-
algebra, for some fixed positive integer f , in which case we want to
write the composition FMod
W (Fpr )
A → FModW (Fpr )A ω
A→ Vec(SpecA)
(which is faithful but not a ⊗-functor) as a direct sum ⊕σ∈Z/rZ ωAσ ,
provided that r divides f . Each of these (non-faithful ⊗-functors)
ωAσ (M) arise as the largest subspace of ω
A(M) on which the W (Fpr)-
operation agrees with the scalar multiplication composed with the
map W (Fpr)
F−σ→ W (Fpr). A particular class of FModW (Fpr )A -objects
arises as follows: Pick a non-negative integer n. We want to regard
Mσ := Mat(n × 1, A) as a W (Fpr) ⊗Zp A-module, by letting A act ac-
cording to the obvious multiplication, while letting W (Fpr) act via the
embeddingW (Fpr)→ A; a 7→ F−σ(a). LetM be theW (Fpr)⊗ZpW (R)-
module
⊕
σ∈Z/rZMσ. Now, pick arbitrary Bσ ∈ Mat(n × n,A), and
consider the map
A⊗τ,A Mσ+1 →Mσ; a⊗ x 7→ aBστ(x)
(this means: compose the effect of plain matrix multiplication with the
map obtained by applying the absolute Frobenius to each of the entries
in the n × 1-matrix x). The sum of these maps defines a F -module
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structure on M . It is clear that a F -module with W (Fpr)-operation
over A arises in this way if and only if all eigenspaces of the W (Fpr)-
operation are free A-modules of the same rank. If M ′σ denotes another
such F -module with W (Fpr)-operation over A, that is gotten in the
same way from a second bunch of n× n-matrices B′σ, having again all
of its entries in A, then it is easy to see that the isomorphisms M →M ′
are given by families hσ ∈ GL(n,A) with Bσ = h−1σ B′στ(hσ+1). In short:
The groupoid of F -modules withW (Fpr)-operation over A, all of whose
eigenspaces are free of rank n is equivalently given by the diagram
Mat(n× n,A)r ⊃ GL(n,A)r φ→ Mat(n× n,A)r,
(in the sense of example 3.2) where φ is the map (U0, U1, . . . , Ur−1) 7→
(τ(U1), . . . , τ(Ur−1), τ(U0)) (while the groupoid of τ -crystals withW (Fpr)-
operation over A, all of whose eigenspaces are free of rank n is equiva-
lently given by the diagram
GL(n,A[
1
p
])r ⊃ GL(n,A)r φ→ GL(n,A[1
p
])r,
where φ is defined in the same way). If F stands for the absolute Frobe-
nius on theWitt ring over a commutative Fpf -algebraR, then we denote
Cris
W (Fpr )
W (R),F (resp. VMod
W (Fpr )
W (R),F or FMod
W (Fpr )
W (R),F ) by Cris
W (Fpr )(R) (resp.
VModW (Fpr )(R) or FModW (Fpr )(R)). At last, asR varies within the cat-
egory of Fpf -algebras the formation of Cris
W (Fpr )(R) (resp. VModW (Fpr )(R)
orFModW (Fpr )(R)) builds up natural SpecFpf -fibered Zp-linear SpecFpf -
⊗-categories CrisW (Fpr ) (resp. VModW (Fpr ) or FModW (Fpr )), in the
sense of [48, I.4.5.5], and again, there are natural forgetful SpecFpf -
fibered WVec-valued fiber functors defined on each of CrisW (Fpr ),VModW (Fpr ),
and FModW (Fpr ), and it will not cause confusion to denote all of them
by ωσ, for every σ ∈ Z/rZ.
Proposition 6.4. Let (G/W (Fpr), {υσ}σ∈Σ) be a W (Fpf )-rational Φ-
datum. Let ρ : G → GL(n)W (Fpr ) be a representation and assume that
all weights of all of the cocharacters ρ ◦ υ−1σ are non-negative num-
bers, so that they extend to effective cocharacters βσ : A
1
W (F
pf
) →
Mat(n × n)W (F
pf
). Let γ : IυΣ → W GL(n)rF
pf
be the function whose
ωth component is given by
γω : {kσ}σ∈Σ 7→ (WF−ωρ)(F
d
+
Σ
(ω)
kdΣ(ω)),
PEL MODULI SPACES WITHOUT C-VALUED POINTS 71
for any ω ∈ Z/rZ, and let m : WGΣF
pf
→ W Mat(n× n)rF
pf
be the
function whose ωth component is given by
mω : {Uσ}σ∈Σ 7→
{
(WF
−ω
ρ)(Uω)
F
̟+
Σ
(ω)
β̟Σ(ω)(p) ω ∈ Σ
1 otherwise
for any ω ∈ Z/rZ. Then there exists a unique SpecFpf -fibered functor
Fib−(ρ) : B(G, {υσ}σ∈Σ)→ FModW (Fpr )
of which the restriction to the groupoid BR(G, {υσ}σ∈Σ) is given by the
pair of functions (γR, mR) in the sense of example 3.2, for any Fpf -
algebra R.
Proof. We choose a monotone bijection Z → Σ(0); j 7→ σj . In view of
γω = F ◦γω+1 for all ω ∈ [σj+1, σj+1−1], all we have to do is prove that
γσj(k)
−1mσj (U)
Fσj+1−σj (γσj+1(k)) = mσj (k
−1UΦ(k)) holds for elements
k of IυΣ and U of WGΣF
pf
. This follows, if we apply the lemma 6.2 to
βσj+1 . The reduction to the banal situation is achieved by Witt descent
([60, Proposition 33]). 
6.1.1. Two Variants. We also have to work with the following con-
vention: If the dual ρˇ, rather than ρ satisfies the assumptions of the
previous proposition, then we will write
Fib+(ρ) : B(G, {υσ}σ∈Σ)→ VModW (Fpr )
for the composition of the canonical self-antiequivalence of B(G, {υσ}σ∈Σ),
which is defined by reversing the isomorphisms while being the iden-
tity on the objects, the covariant functor Fib−(ρˇ) : B(G, {υσ}σ∈Σ) →
FModW (Fpr ), and the canonical contravariant functor FModW (Fpr ) →
VModW (Fpr ); (M,F ♯) 7→ (Mˇ, Fˇ ♯), which is defined by passage to the
dual object. Finally, let (A, J, τ) be a frame with p ∈ J . In the same
vein, we associate to an arbitrary representations ρ ∈ Rep0(G) a co-
variant functor
(55) FibA,τ (ρ) : BˆA,J(G, {υσ}σ∈Σ)→ CrisW (Fpr )A,τ ,
by using the same fomulae for γ and m.
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6.1.2. Compatibility with ωσ and ⊗. For every σ ∈ Σ there is a natural
commutative diagram:
B(G, {υσ}σ∈Σ) Fib
−(ρ)−−−−→ FModW (Fpr )y ωσy
Tors(WF
−σGF
pf
)
WF−σρ−−−−→ WVec
and similar ones for Fib+ and Fib. Also, there are natural isomorphisms
Fib−(ρ⊗W (Fpr ) ρ′,P) ∼= Fib−(ρ,P)⊗W (Fpr )⊗ZpW (R) Fib−(ρ′,P),
whenever one of the two sides (hence both of them) are well-defined,
and similarly for Fib+ and Fib.
6.1.3. Compatibility with Flexd
+
. Let d+ be a (mod r)-multidegree.
The purpose of this subsubsection is to define a certain ⊗-endofunctor
Flexd
+
A,τ on the⊗-category FModW (Fpr )A,τ (and onVModW (Fpr )A,τ and CrisW (Fpr )A,τ
too). So let (A, τ) be as in definition 6.3, and observe that for each
ω ∈ Z/rZ the d+(ω + 1)− d+(ω) + 1-fold iterate of the Frobenius on
some a Z/rZ-graded Frobenius module M =
⊕
σ∈Z/rZMσ over (A, τ)
yields a map
A⊗τd+(ω+1)−d+(ω)+1,A Md(ω+1) →Md(ω),
of which the pull-back along the d+(ω)-fold iterate of τ reads:
A⊗τd+(ω+1)+1,A Md(ω+1) → A⊗τd+(ω),A Md(ω).
These very maps constitute the requested homogeneous A-linear map
F ♯ of degree −1 on a Z/rZ-graded A-module M˜ given by:
M˜ω := A⊗τd+(ω),A Md(ω),
so that Flexd
+
A,τ(M) :=
⊕
ω∈Z/rZ M˜ω is a well-defined object in FMod
W (Fpr )
A,τ .
The ωth component of the image under FlexA,τ of some FMod
W (Fpr )
A,τ -
morphism h is clearly defined to be the pull-back along the d+(ω)-
fold iterate of τ of the d(ω) th component of h. One proceeds anal-
ogously for VMod
W (Fpr )
A,τ and Cris
W (Fpr )
A,τ , and in either of the three ⊗-
categories FMod
W (Fpr )
A,τ , VMod
W (Fpr )
A,τ or Cris
W (Fpr )
A,τ there exist natural
isomorphisms
Flexd
+
A,τ (M ⊗N) ∼= Flexd
+
A,τ (M)⊗ Flexd
+
A,τ(N),
and similarily for duality (which swaps FMod
W (Fpr )
A,τ and VMod
W (Fpr )
A,τ ).
There exists a natural transformation from the endofunctor Flexd
+
A,τ on
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FMod
W (Fpr )
A,τ to idFMod
W (Fpr )
A,τ
and from id
VMod
W (Fpr )
A,τ
to the endofunctor
Flexd
+
A,τ onVMod
W (Fpr )
A,τ . We denote the former one by flex
d+
M : M˜ → M ,
which we define to be the d+(ω)-fold iterate of the Frobenius on the
d(ω)th eigenspace of any M ∈ Ob
FMod
W (Fpr )
A,τ
, and we denote the latter
one by flexd
+
M : M → M˜ , which we define to be the d+(ω)-fold iterate
of the Verschiebung on the ωth eigenspace of any M ∈ Ob
VMod
W (Fpr )
A,τ
. If
F stands for the absolute Frobenius on the Witt ring over a commuta-
tive Fpf -algebra R, then we denote Flex
d+
W (R),F by Flex
d+
R . At last, as
R varies within the category of Fpf -algebras the formation of Flex
d+
R
builds up natural SpecFpf -⊗-endofunctors Flexd+ on FModW (Fpr ) and
VModW (Fpr ) in the sense of [48, I.4.5.3]. The promised compatibility,
that we need in this paper, is expressed by a canonically 2-commutative
diagram
B(G, {υσ}σ∈Σ) Fib
−(ρ)−−−−→ FModW (Fpr )
Flexd
+
y Flexd+y
B(G, {υ˜σ}σ∈Σ˜)
Fib−(ρ)−−−−→ FModW (Fpr )
,
and another similar one for Fib+(ρ) and Flexd
+
: VModW (Fpr ) →
VModW (Fpr ).
6.1.4. Compatibility with Flexj,{υσ}σ∈Σ.
Proposition 6.5. There exists a canonical family of natural transfor-
mations:
flexj,{υσ}σ∈Σ : Fib+(std) ◦ Flexj,{υσ}σ∈Σ → Fib+(std)
(indexed by the set of all standard linear Φ-data (GL(n)W (Fpr ), {υσ}σ∈Σ)
together with a function j as in subsection 4.1) such that the follow-
ing properties hold, for any 3n-display P with (GL(n)W (Fpr ), {υσ}σ∈Σ)-
structure over any Fpf -algebra:
• Whenever P = P(1) × P(2) holds for two displays P(i) with
(GL(n(i))W (Fpr ), {υ(i)σ }σ∈Σ)-structure, where
(
υ
(1)
σ 0
0 υ
(2)
σ
)
is a ma-
trix block decomposition of υσ, then
Fib+(std, P˜) ←−−− Fib+(std, P˜(1))⊕ Fib+(std, P˜(2))
flex
j,{υσ}σ∈Σ
P
y flexj,{υ(1)σ }σ∈Σ
P(1)
⊕ flexj,{υ
(2)
σ }σ∈Σ
P(2)
y
Fib+(std,P) ←−−− Fib+(std,P(1))⊕ Fib+(std,P(2))
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commutes, where P˜ = Flexj,{υσ}σ∈Σ(P) and P˜(i) = Flexj,{υ(i)σ }σ∈Σ(P(i))
(for i ∈ {1, 2}).
• For all standard multiplicative Φ-data (Gm,W (Fpr ), {δσ}σ∈Σ) and
all B(Gm,W (Fpr ), {δσ}σ∈Σ)-objects T the map flexj,{δσ}σ∈ΣT is in-
dependent of the choice of j (and we will suppress it in the
notation).
• Whenever {δσ}σ∈Σ and T are as above and P ′ is the T -dual of
P, then the diagram
Fib+(std, T˜ ) ←−−− Fib+(std, P˜)⊗W (Fpr ) Fib+(std, P˜ ′)
flex
{δσ}σ∈Σ
T
y flexj,{υσ}σ∈ΣP ⊗ flexjˇ,{υ′σ}σ∈ΣP′ y
Fib+(std, T ) ←−−− Fib+(std,P)⊗W (Fpr ) Fib+(std,P ′)
commutes, where T˜ = Flex{δσ}σ∈Σ(T ) and P˜ ′ = Flexjˇ,{υ′σ}σ∈Σ(P ′)
(for υ′σ = δσυˇσ).
Finally, the image of flexj,{υσ}σ∈Σ under ωσ is an isomorphism from
ωσ ◦ Fib+(std) ◦ Flexj,{υσ}σ∈Σ to the functor ωσ ◦ Fib+(std) for every
σ ∈ Σ.
Proof. It is clear that is is enough to do the banal case, so let U ∈
GΣ(W (R)) stand for a 3n-display P with (GL(n)W (Fpr ), {υσ}σ∈Σ)-structure
over an affine Fpf -scheme SpecR, and let P˜ be Flexj,{υσ}σ∈Σ(P). Again
we choose a monotone bijection Z → Σ(0); j 7→ σj , so that U can be
written as a z-tuple (U0, . . . , Uz−1) with Uj ∈ WF−σjG(R). We switch to
the dual situation Fib−( ˇstd)→ Fib−( ˇstd) ◦ Flexj,{υσ}σ∈Σ, and we write
βσ and β˜σ for the two r-tuples of effective cocharacters that come up
when applying the proposition 6.4 to P and P˜. It does no harm to
think of ˇstd as the standard involution (32), in particular one sees that
the cocharacters β˜σ arise from the cocharacters βσ by the procedure
described in (36). Finally, let Bσ and B˜σ be the two r-tuples of matri-
ces that come up when applying the proposition 6.4 to P and P˜. The
former looks like:
Bσ = . . . , Uˇj−1(F
σj−σj−1
βσj )(p), . . . , 1, Uˇj(
Fσj+1−σjβσj+1)(p), . . . ,
where the “1” is in the σj − 1th position, and the latter looks like:
B˜σ = . . . , Uˇj−1(F β˜σj−1+1)(p), . . . , (
F β˜σj )(p), Uˇj(
F β˜σj+1)(p), . . . .
Let us define r-tuples of matrices by kσ =
∏σj
ω=σ+1(
Fω−σ β˜ω)(p) whenever
σj−1 + 1 ≤ σ ≤ σj , and notice that βσj =
∏σj
ω=σj−1+1
(F
ω−σj
β˜ω) holds,
because of (37). It follows that kσBσ = B˜σ
Fkσ+1 is true and we are
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done, the requested bijectivity of ωσj (flex
j,{υσ}σ∈Σ) follows from kσj =
1. 
6.2. Faithfulness of some realizations. LetG be a affine and smooth
Zp-group. The category of τ -crystals with G-structure over A is defined
in the usual way: The objects are Zp-linear ⊗-functors from Rep0(G) to
CrisA,τ , and the morphisms are Zp-linear, invertible and ⊗-preserving
transformations. Let us call a τ -crystal M : Rep0(G)→ CrisA,τ banal
if the ⊗-functors A ⊗Zp ωG and ωA ◦M are ⊗-isomorphic, i.e. if and
only if there exists at least one 2-commutative diagram of ⊗-functors:
Rep0(G)
M−−−→ CrisA,τ
ω
y ωAy
Vec(SpecZp) −−−→ Vec(SpecA),
where the bottom horizontal functor sends V to A⊗ZpV (’base change’).
The full subcategory of banal τ -crystals with G-structure over A is
canonically equivalent to the groupoid BA,τ(G) as every b ∈ G(A[1p ])
represents a τ -crystal structure Mb on the functor A ⊗Zp ωG given by
the composition of the ̺(b)-action on A⊗Zp ωG(̺) with τ ⊗ idωG(̺) for
varying ̺ ∈ ObRep0(G).
Definition 6.6. Let T = ({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π), and G/B,
and (Λ, {Rπ}π∈Π) and C be as in the beginning of this section. Then
T is called a C-linear metaunitary collection for G/B, if the following
hold:
(S1) The product
ρ :=
∏
i∈Λ
ρi : G →
∏
i∈Λ
GU(Vi/C,Ψi)
is a closed immersion.
(S2) The (pointwise) stabilizer of
⋃
π∈ΠRπ in the generic fiber of∏
i∈ΛGU(Vi/C,Ψi) is contained in the image of ρ.
In the above scenario we write χi : G → Gm,B for the composi-
tion of the multiplier character of GU(Vi/C,Ψi) with ρi. It is easy
to see that G1 := ⋂i∈Λ ker(χi) is a smooth B-group, in fact we will
frequently use that ResC/B G
Λ
m,C is canonically immersed into the cen-
ter of G, while GΛm,B intersects G1 in {±1}Λ, so that G is canoni-
cally isomorphic to (GΛm,B ×B G1)/{±1}Λ. Furthermore (S2) implies
that G (resp. G1C) agrees with the Zariski-closure of its generic fiber
in
∏
i∈ΛGU(Vi/C,Ψi) (resp. in
∏
i∈ΛGL(Vi/C)), which in turn im-
plies that one can pin down a constant c such that G (resp. G1C)
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is the stabilizer in
∏
i∈ΛGU(Vi/C,Ψi) (resp. in
∏
i∈ΛGL(Vi/C)) of
OZc = EndG(
⊗
i∈Λ V⊗ci ), cf. [23, Proposition(1.3.2)].
Remark 6.7. If one assumes 1
2
∈ B and that G is reductive, then∏i∈Λ ρi
is a closed immersion if and only if its generic fiber has that property
([44, Corollary 1.3]).
We focus on the case B = W (Fpr) with C being one of W (Fp2r) or
W (Fpr)⊕W (Fpr). It is practical to put these cases on a equal footing.
Lemma 6.8. Let A be a torsionfree, p-adically separated and complete
W (Fpf )-algebra, and let τ : A → A[F ] be a Frobenius lift. Let G be a
smooth and affine W (Fpr)-group with connected fibers, and let the pair
of families of triples T = ({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) be a C-
linear metaunitary collection for G. The self-explanatory “restriction
to T” defines a fully faithful functor
BA,τ (ResW (Fpr )/Zp G)→ CrisΛ,{(Rπ ,∗)}π∈ΠA,τ ;M 7→M |T
on the category of banal τ -crystals with ResW (Fpr )/Zp G-structure over
A.
6.3. Definition of FlexT. From now on, and for the rest of this section
we fix a W (Fpf )-rational Φ-datum (G, {υσ}σ∈Σ), choose a monotone
bijection Z→ Σ(0); j 7→ σj , and let C be as in the end of the previous
subsection.
Definition 6.9. Let {ji}i∈Λ be a family of functions from Z to N0, such
that every ji maps the interval [σj−1+1, σj ] onto [0, σj−σj−1−1] for each
j, and satisfies ji(r+σ) =
{
ji(σ) C = W (Fpr)⊕W (Fpr)
rΣ(dΣ(σ))− ji(σ)− 1 C = W (Fp2r)
for every σ ∈ Z/rZ (cf. subsubsection 4.1.1). Consider a C-linear
metaunitary collection ({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) for the group
G. We say that
T = ({(Vi,Ψi, ρi, ji)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π),
is a C-linear gauged metaunitary collection for (G, {υσ}σ∈Σ) if the fol-
lowing additional requirements are fulfilled:
• If one puts F−σρi ◦ υσ =: υi,σ, then one obtains standard Φ-data
(cf. definition 4.1) (GU(Vi/C,Ψi), {υi,σ}σ∈Σ), for every i ∈ Λ.
• Every element of Π is multicompact (cf. definition 4.13) with
respect to the family of standard Φ-data (GU(Vi/C,Ψi), {υ˜i,σ}σ∈Z/rZ),
which is derived from υi,σ and ji via (36).
• If RΣ := max{rΣ(σ)|σ ∈ Z/rZ}, then one has Rπ ⊂ C +
p(RΣ−
1
2
) Card(π)+ 1
2 EndC(Vπ).
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The C-linear tensor products Vπ = ⊗i∈π Vi carry natural skew-
Hermitian structures Ψπ, and consider the map
gπ :
∏
i∈π
GU(Vi/C,Ψi)→ GU(Vπ/C,Ψπ),
obtained by the formation of the tensor product. The purpose of intro-
ducing gauged metaunitary collections lies in a certain 2-commutative
diagram
BRF
pf
−−−→ ∏i∈Λ B(GU(Vi/C,Ψi), {υ˜i,σ}σ∈Z/rZ)
FlexT
x ∏i∈Λ Flexji,{υi,σ}σ∈Σx
B(G, {υσ}σ∈Σ)
∏
i∈Λ B(ρi)−−−−−−→ ∏i∈Λ B(GU(Vi/C,Ψi), {υi,σ}σ∈Σ)
,
where R = (Λ, {(Rπ, ∗)}π∈Π). Here is the construction of FlexT:
We start out from B(ρi,P) =: Pi ∈ ObB(GU(Vi/C,Ψi),{υi,σ}σ∈Σ)(R) and
B(χi,P) =: Ki ∈ ObB(Gm,W (Fpr ),{δσ}σ∈Σ)(R), which are gotten from some
fixed SpecR
P→ B(G, {υσ}σ∈Σ), by extensions of its structure group. On
the one hand each of the representations ρi and χi gives rise to a graded
realization within the categories VModW (Fp2r )(R) or VModW (Fpr )(R),
together with the canonical Fib+(χi,P)-valued sesquilinear perfect pair-
ing on Fib+(ρi,P), which is induced from the isomorphism χi⊗ ρˇi ∼= ρi.
On the other hand, we may look at the regularizations
P˜i := Flexji,{υi,σ}σ∈Σ(Pi)
K˜i := Flex{δσ}σ∈Σ(Ki),
which are 3n-displays in the usual sense whose underlying graded mod-
ules are given by Fib+(std, P˜i) and Fib+(std, K˜i). As we have seen
already the results are related by specific isogenies
flex
ji,{υi,σ}σ∈Σ
Pi : Fib
+(std, P˜i)→ Fib+(ρi,P)
flex
{δσ}σ∈Σ
Ki : Fib
+(std, K˜i)→ Fib+(χi,P),
preserving the V -actions, the gradations, and the canonical sesquilin-
ear perfect pairings, which are defined in both of the two scenarios. It
is easy to see that there exists a map from Fib+(χi,P) to Fib+(std, K˜i)
of which the composition with flex
{δσ}σ∈Σ
Ki in any order is equal to the
multiplication by pRΣ−1. Whence one obtains a map from Fib+(ρi,P)
back to Fib+(std, P˜i) of which the composition and precomposition
with flex
ji,{υi,σ}σ∈Σ
Pi yields the p
RΣ−1th multiples of the identities of
Fib+(ρi,P) and Fib+(std, P˜i). The same reasoning can be applied to
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tensor products of these maps giving rise to gradation and V -preserving
maps:
Fib+(std, P˜π)(Card(π)− 1
2
)⇄ Fib+(ρπ,P)
whose products are p(RΣ−1)Card(π), where P˜π is defined to be the re-
stricted tensor product
⊗˙
i∈πP˜i and ρπ :=
⊗
i∈π ρi. In total there is an
action of p(RΣ−
1
2
) Card(π)− 1
2 EndG(Vπ) on Fib+(std, P˜π) and hence there
is an action of Rπ on P˜π, since we have the following:
Lemma 6.10. Let P = (M,N, F, V −1) be a 3n-display over a Fp-
algebra R, and suppose that h is a W (R)-linear endomorphism of M ,
that renders at least one of the diagrams
W (R)⊗F,W (R) M F
♯−−−→ M
idW (R)⊗h
x hx
W (R)⊗F,W (R) M F
♯−−−→ M
or
M
V ♯−−−→ W (R)⊗F,W (R) M
h
x idW (R)⊗hx
M
V ♯−−−→ W (R)⊗F,W (R) M
commutative. Then the W (R)-linear map s : M → M ; x 7→ ph(x) is
an endomorphism of P.
Proof. By duality we are allowed to assume that h commutes with F ,
it is clear that s preserves N , and the proof is finished by V −1(sx) =
F (hx) = hF (x) = sV −1(x) for every x ∈ N . 
6.4. Local properties of FlexT.
Lemma 6.11. The 1-morphism FlexT is schematic, quasicompact and
radicial for every gauged metaunitary collection T.
Proof. The quasicompact schematicness of
∏
i∈Λ B(ρi) : B(G, {υσ}σ∈Σ)→∏
i∈Λ B(GU(Vi/C,Ψi), {υi,σ}σ∈Σ) follows immediately from the repre-
sentability results at the end of subsection 2.2, in fact the attentive
reader might observe that the paper [47] could be used to show its
affineness, but this will not be needed.
For the quasicompact schematicness of the morphisms Flexji,{υi,σ}σ∈Σ
please see proposition 4.3. At last, the statement on the radiciality
follows from the lemmas 6.8 and 3.33 together with the observation
that the diagram
BˆW (R),I(R)(G, {υσ}σ∈Σ)
FibW (R),F (ρ)−−−−−−−→ CrisW (Fpr )(R)
Flex
̟+
Σ
R
y x
BˆW (R),I(R)(G, {F̟
+
Σ
(σ)
υ̟Σ(σ)}σ∈Σ)
hˆµ−−−→ BW (R),F (G)
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commutes for all perfect rings R (notice that BˆW (R),I(R)(G, {υσ}σ∈Σ) ∼=
BR(G, {υσ}σ∈Σ)). 
We wish to introduce another definition, which is mainly used for an
intersting corollary: Fix some 1-morphism
X
P→ B(G, {υσ}σ∈Σ),
and let X ′ be the spectrum of the OX -algebra OX ⊕ Ω1X/F
pf
. The
inclusion OX ⊂ OX ⊕ Ω1X/F
pf
, (resp. the map x 7→ x + dX/F
pf
(x))
gives rise to a projection pr1 (resp. pr2) from X
′ to X: Consequently
there exists a unique KP ∈ HomOX (TˇP ,Ω1X/F
pf
) which measures the
difference between P×X,pr2X ′ and P×X,pr1X ′ when regarded as global
lifts in DP,X′ . We will call KP the Kodaira-Spencer element of P.
Remark 6.12. A 1-morphism X
P→ B(G, {υσ}σ∈Σ) is formally étale
(resp. formally smooth) if and only if X is formally smooth over Fpf ,
and KP is a bijection (resp. a Zariski-locally split injection).
Corollary 6.13. Suppose that X is a Fpf -scheme. If X
S→ BRF
pf
is a
formally étale 1-morphism, then
Y := B(G, {υσ}σ∈Σ)×FlexT,BR
F
pf
,S X
is a formally smooth Fpf -scheme whose sheaf of Kaehler differentials
Ω1Y/F
pf
is locally free of rank equal to dimF
pf
θ
υΣ
.
Remark 6.14. The dimension of θ
υΣ
is equal to the υΣ-weight of the
U0υΣ-character det ◦LieU0υΣ .
6.5. Finiteness properties of FlexT.
Lemma 6.15. Fix a Fpf -scheme X, and X-scheme Y . Assume that
Y −−−→ B(G, {υσ}σ∈Σ)y FlexTy
X
S−−−→ BRF
pf
,
is a 2-commutative diagram.
(i) Assume in addition, that Y is reduced. Then there is at most
one such 2-commutative diagram (i.e. there exist unique iso-
morphisms to any other ones)
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(ii) Assume in addition, that Y is faithfully flat and quasicom-
pact over X. If Y ×X Y is reduced, then S factors through
B(G, {υσ}σ∈Σ).
Proof. If Z → X is a radicial morphisms of schemes, then its relative
diagonal induces an isomorphism from Zred to (Z ×X Z)red, as ∆Z/X :
Z → Z ×X Z is a surjection. Therefore part (i) follows easily and part
(ii) follows from descent theory and part (i). 
Our next result in this subsection deals with fields:
Proposition 6.16. Consider an extension Fpf ⊂ k of fields with finite
degree of imperfection, and fix a 1-morphism
Spec k
S→ BRF
pf
.
If the k-scheme B(G, {υσ}σ∈Σ) ×FlexT,BR
F
pf
,S Spec k is non-empty, then
it possesses a point over a finite extension of k.
Proof. By lemma 6.15, it is clear that we may assume k to be sepa-
rably closed, and due to the same reason we are allowed to assume
that there exists a display P◦ with B(G, {υσ}σ∈Σ)-structure over the
algebraic closure kac, together with a 2-isomorphism
ζ◦ : Skac
∼=→ FlexT(P◦).
By lemma 3.22 we may assume C =W (Fpr)⊕W (Fpr), in which case a
simple application of Morita equivalence tells us that our “unitary” rep-
resentations reads ρi⊕χi⊗W (Fpr ) ρˇi for someW (Fpr)-rational homomor-
phisms ρi : G → GL(ni)W (Fpr ) and characters χi : G → Gm,W (Fpr ), so
thatGU(Vi/C,Ψi) = (Gm×GL(ni))W (Fpr ). In the proof we will work di-
rectly with ρi and χi rather than ρi⊕χi⊗W (Fpr ) ρˇi. Likewise, a k-valued
point ofBF
pf
is determined by a family sπ ofRπ-operations on the fam-
ily of restricted tensor products Sπ := ⊗˙i∈πSi coming from some other
family Si of displays with (GL(ni)W (Fpr ), {υ˜i,σ}σ∈Z/rZ)-structure over k,
together with some multiplicative family of no significance. In this
optic ζ◦ is given by a family of {sπ}π∈Π-preserving isomorphisms:
ζ◦i : Si,kac
∼=→ P˜◦i := Flexji,{υi,σ}σ∈Σ(P◦i ),
where P◦i stands for the image of P◦ under the canonical 1-morphism
B(ρi) : B(G, {υσ}σ∈Σ)→ B(GL(ni)W (Fpr ), {υi,σ}σ∈Σ).
Recall that Fib+(std,P◦i ) = Fib+(ρi,P◦) =: N◦i =
⊕
σ∈Z/rZN
◦
i,σ is
a Z/rZ-graded V -module over W (kac) canonically associated to P◦,
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and in the category of Z/rZ-graded V -modules over W (kac) we have a
canonical Z/rZ-graded isogeny:
flex
ji,{υi,σ}σ∈Σ
P◦i : Fib
+(std, P˜◦i )→ N◦i .
Let τ be a choice of Frobenius lift on a choice of Cohen ring A for
the (in general non-perfect) field k, so that (A, pA, τ) is a frame over
W (Fpf ). We have a canonical commutative diagram:
A −−−→ W (k) −−−→ W (kac)
τ
x Fx Fx
A −−−→ W (k) −−−→ W (kac)
,
of which the horizontal arrows areW (Fpf )-linear inclusions. LetMi de-
note the Z/rZ-graded (A, pA, τ)-windows to Si. Composition produces
further isogenies:
W (kac)⊗A Mi u
◦
i→ N◦i ,
paving the way for a transport of structure, that turns the natural ac-
tion ι ofOZc on the CrisW (Fpr )(kac)-object Fib+((
⊗
i∈Λ ρi)
⊗W (Fpr )c,P◦) =:
N◦, whose σ-eigenspaces are N◦σ = (
⊗
i∈ΛN
◦
i,σ)
⊗W (kac)c, into its ana-
log s : Zc → Q ⊗ EndW (Fpr )(W (kac) ⊗A M) for the CrisW (Fp
r )
A,τ -object
M =
⊕
σ∈Z/rZMσ defined by the formula
Mσ := (
⊗
i∈Λ
Mi,σ)
⊗Ac
(within which Mi is to be interpreted in Cris
W (Fpr )
A,τ ). We are going to
use, and will now have to check, that s yields an action onQ⊗M , rather
than K(kac)⊗AM : To this end we write Hσ/A[1p ] for the common sta-
bilizer of the family of Rπ-actions sπ, this is a smooth and affine A[1p ]-
group contained in the product of the groups GL(Q⊗Mi/A[1p ]). If Zσ
denotes the A-algebra EndHσ(Mσ) of Hσ-invariant, A-linear endomor-
phisms of Mσ, then
⊕
σ∈Z/rZ Zσ forms a Z/rZ-graded τ -crystal over A,
and the composition of endomorphisms makes a Cris
W (Fpr )
A,τ -morphism.
In contrast,
⊕
σ∈Z/rZ EndF−σGW (kac)(N
◦
σ) is a Cris
W (Fpr )(kac)-object of
slope 0, in fact it is equal to W (kac) ⊗Zp OZc with Frobenius act-
ing in the obvious way. Comparing these, we find the existence of
at least one Frobenius-invariant A-lattice in Q ⊗⊕σ∈Z/rZ Zσ, leading
the latter to be generated by its skeleton S := (Q ⊗⊕σ∈Z/rZ Zσ)F=id
(N.B.: the residue field of A is separably closed). This shows that
the image of s is contained in Q ⊗ EndW (Fpr )(M), as the sceleton of
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K(kac)⊗A
⊕
σ∈Z/rZ Zσ is clearly also equal to S.
Notice, that every element {Uσ}σ∈Σ = U ∈ GΣ(W (kac)) represent-
ing the object P◦ (i.e. a choice of banalization) will induce specific
isomorphisms W (kac)ni ∼= N◦i,σ, and due to the algebraic closedness
of kac, there exist a lot of banalizations. Moreover observe, that the
images of Ani under those very isomorphisms provide us with non-
canonical A-module structures Ni,σ ⊂ N◦i,σ on the W (kac)-modules
N◦i,σ, which are canonically associated to P◦. Also notice, that a
switch between two different banalizations, has the effect of altering
the artificial A-structures on the canonical W (kac)-modules N◦i,σ ac-
cording to the formulae in proposition 6.4. When looking more specif-
ically at σ ∈ Σ a switch from, say U , to an alternative representative
given by, say O := h−1UΦ(h), has the effect of switching from Ni,σ to
(F
−σ
ρi)(hσ)
−1Ni,σ, where h = {hσ}σ∈Σ. For the time being we do fix U
and the artificial A-structures Ni,σ going with it.
Recall that the isogeny u◦i induces isomorphisms, say u
◦
i,σ : Mi,σ
∼=→ N◦i,σ
for all σ ∈ Σ being due to an analogous property of flexji,{υi,σ}σ∈ΣP◦i (cf.
proposition 6.5). This demonstrates already, that the Zc-action s on
the isocrystal Q⊗M can be restricted to an integral action of OZc on
the A-module Mσ, provided that σ is contained in Σ. We will shortly
derive an even stronger result, but before we do that we have to in-
troduce a certain principal homogeneous space Sσ for
F−σG1 over A,
for every σ ∈ Σ: If Q is a A-algebra, then we let Sσ(Q) be the set of
families {qi}i∈Λ with the following two properties:
• Each qi is a Q-linear isomorphism from Q⊗AMi,σ to Q⊗ANi,σ.
• The isomorphism (⊗i∈Λ qi)⊗c = q : Q ⊗A Mσ → Q ⊗A Nσ is
Q⊗W (Fpr ) OZc-linear
Clearly, one has {u◦i,σ}i∈Λ ∈ Sσ(W (kac)) for every σ ∈ Σ. SinceW (kac)
is faithfully flat over A, we get the local triviality of the Sσ’s. As A
is strictly henselian we get the existence of global sections, i.e. some
A⊗W (Fpr ) OZc-preserving family of A-linear isomorphisms:
ui,σ :Mi,σ
∼=→ Ni,σ,
for each σ ∈ Σ. As i varies the family u◦i,σ ◦ u−1i,σ constitutes a W (kac)-
valued point of F
−σG. Let h0 be sufficiently large in the sense of remark
3.10. One can choose a subfield l ⊂ A/pA of finite degree over k,
together with elements {h◦σ}σ∈Σ = h◦ ∈ GΣ(W (l)) such that
u◦i,σ ◦ u−1i,σ ≡ (F
−σ
ρi)(h
◦
σ) (mod p
h0)
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and let hσ ∈ F−σG(pnW (kac)) be the elements with (F−σρi)(h−1σ ◦h◦σ) =
u◦i,σ ◦ u−1i,σ . Observe that the oblique map in the diagram:
W (kac)⊗A Ni,σ
F−σρi(hσ)−−−−−−→ W (kac)⊗A Ni,σ
u◦i,σ
x F−σρi(h◦σ)x
Mi,σ
ui,σ−−−→ Ni,σ
carriesMi,σ toW (l)⊗ANi,σ, furthermore by the aforementioned remark
on banalizations, we may assume hσ = 1 without loss of generality. We
deduce that u◦i,σ carriesMi,σ toW (l)⊗ANi,σ, so that the vertical arrows
in the commutative diagram
W (kac)⊗A Ni,σ
(F
̟+
Σ
(σ)
υ̟Σ(σ))(p)(
F−σρi)(U
−1
σ )−−−−−−−−−−−−−−−−−−−→ W (kac)⊗
τ
̟+
Σ
(σ)
,A
Ni,̟Σ(σ)
u◦i,σ
x u◦i,̟Σ(σ)x
W (l)⊗A Mi,σ (V
♯)
̟+
Σ
(σ)
−−−−−−→ W (l)⊗
τ̟
+
Σ
(σ),A
Mi,̟Σ(σ)
preserve the W (l)-structure, forcing its upper horizontal arrow to pre-
serve thatW (l)-structure too. For elements σ ∈ Σ and for every i it fol-
lows, that (F
−σ
ρi)(U
−1
σ ) ∈ GL(ni,W ( p
m√
l)) holds for a sufficiently large
integer m, this is because ofW (kac)∩W (l)
pm
=W ( p
m√
l). Due to property
(S1) we finally deduce Uσ ∈ (F−σG)(W ( pm
√
l)), i.e. {Uσ}σ∈Σ represents
indeed a display P with (G, {υσ}σ∈Σ)-structure over the field extension
pm
√
l of k. The same type of argument settles the p
m√
l-rationality of
the ζ◦i ’s, thus culminating in a
pm
√
l-valued point of
B(G, {υσ}σ∈Σ)×FlexT,BR
F
pf
,S Spec k.

Proposition 6.17. Let T be a gauged metaunitary collection for a
W (Fpf )-rational Φ-datum (G, {υσ}σ∈Σ), and let us assume that G is
reductive, and that every υσ is minuscule. Suppose that the field k is
an algebraically closed extension of Fpf , and fix a 1-morphism
Spec k[[t]]
S→ BRF
pf
.
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If the k((t))-scheme B(G, {υσ}σ∈Σ)×FlexT,BR
F
pf
,SSpec k((t)) is non-empty,
then there exists a 2-commutative diagram
Spec k[[ p
m√
t]] −−−→ B(G, {υσ}σ∈Σ)y FlexTy
Spec k[[t]]
S−−−→ BRF
pf
,
for some sufficiently large number m.
Proof. Let P◦ be a display with (G, {υσ}σ∈Σ)-structure over k((t)), and
let
ζ◦ : Sk((t))
∼=→ FlexT(P◦)
be a 2-isomorphism. Just as in the proof of the previous proposition
we may and we will assume that C = W (Fpr) ⊕W (Fpr), furthermore
adopting the previous notation, we have to start out from a family
({Si}i∈Λ, {sπ}π∈Π) of Rπ-operations sπ on a family of displays Si with
(GL(ni)W (Fpr ), {υ˜i,σ}σ∈Σ)-structure over k[[t]] (along with an insignifi-
cant multiplicative family). In the same vein ζ◦ is given by a family:
ζ◦i : Si,k((t))
∼=→ P˜◦i := Flexji,{υi,σ}σ∈Σ(P◦i ),
where P◦i stands for the image of P◦ under the canonical 1-morphism
B(ρi) : B(G, {υσ}σ∈Σ)→ B(GL(ni)W (Fpr ), {υi,σ}σ∈Σ).
We set up Frobenius lifts on both A := W (k)[[t]] and the p-adic com-
pletion of A[1
t
], by decreeing t 7→ tp, and it does not cause confu-
sion to denote both of these lifts by τ . Note that (A, pA, τ) is a
frame over W (Fpf ) and dito for (A{t}, pA{t}, τ). In view of proposi-
tion 6.16 we may assume the banality of P◦, so that it is induced by
a unique isomorphism class in the category BˆA{t},pA{t}(G, {υσ}σ∈Σ) of
(A{t}, pA{t}, τ)-windows with (G, {υσ}σ∈Σ)-structure, by lemma 3.32.
Its image under the functor FibA{t},τ(ρi) (cf. (55)) shall be denoted by⊕
σ∈Z/rZN
◦
i,σ = N
◦
i ∈ ObVModW (Fpr )A{t},τ
. Any specific choice of {Uσ}σ∈Σ =
U ∈ GΣ(A{t}) which represents the window for P◦ determines coordi-
nate systems Ani{t}
∼= N◦i,σ, and we denote the images of Ani under our
(“non-canonical”) coordinate systems by: Ni,σ ⊂ N◦i,σ. Notice that the
isomorphism class of N◦i depends merely on P◦ while different repre-
sentatives give rise to different A-structures on Ni,σ, and at least for
the elements of Σ, one can describe the transition from the representa-
tive U to an alternative, say O := h−1UΦˆA{t}(h) by replacing Ni,σ with
(F
−σ
ρi)(hσ)
−1Ni,σ.
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Let
⊕
σ∈Z/rZMi,σ =Mi denote the Z/rZ-graded (A, pA, τ)-windows to
Si, and notice that just as in the proof of proposition 6.16 there are
canonical Cris
W (Fpr )
A{t},τ
-isogenies
u◦i : A{t} ⊗A Mi → N◦i ,
induced by our (A{t}, pA{t}, τ)-window to P◦i and proposition 6.5. By
construction, their σth components u◦i,σ are isomorphisms between the
A{t}-modules A{t}⊗AMi,σ andN◦i,σ, for σ ∈ Σ only. LetM be the Z/rZ-
graded τ -crystal over A given by the formulaMσ := (
⊗
i∈ΛMi,σ)
⊗Ac for
every σ ∈ Z/rZ. As soon as having noticed, that transport of structure
establishes an action s : Zc → Q⊗ EndW (Fpr )(A{t} ⊗A M) satisfying:
(i) By restriction s induces an action of OZc on the A{t}-module
A{t} ⊗A Mσ, for all σ ∈ Σ.
(ii) The image of s is contained Q⊗ EndW (Fpr )(M)
(iii) By restriction s induces an action of OZc on the A-module Mσ,
for all σ ∈ Σ.
it is about time to invoke the principal homogeneous spaceSσ for
F−σG1
over A, of which the Q-valued points are the OZc-preserving families
of Q-linear isomorphisms Q ⊗A Mi,σ
∼=→ Q ⊗A Ni,σ, for each σ ∈ Σ of
course. Here are the reasons for (i),(ii), and (iii): (i) follows from the
aforementioned bijectivity of u◦i,σ, (ii) is an application of the results
of [31], [8], and (iii) follows from (i) together with (ii). Over each of
K(k){{t}} and A{t} there exist rational points of Sσ, the former is due
to Dwork’s trick and the latter is due to the existence of the family
{u◦i,σ}i∈Λ. Following the ideas in [23] we see that we obtain the local
triviality of Sσ|SpecA−Spec k, and hence the global triviality of Sσ by
[6] together with the algebraic closedness of k: Just as in the proof of
proposition 6.16, any global section {ui,σ}i∈Λ of Sσ can be used for a
careful adjustment of Ni,σ in order to achieve the integrality of u
◦
i,σ for
each σ ∈ Σ. Finally, we get {Uσ}σ∈Σ = U ∈ GΣ(A) from (S1) and we
are done, notice A{t} ∩ Ap = A. 
Proposition 6.18. Let X → BRF
pf
be a 1-morphism, where X is a
noetherian Fpf -scheme. Then there exists a X-scheme Y and a 2-
cartesian diagram
Y −−−→ B(G, {υσ}σ∈Σ)y FlexTy
X −−−→ BRF
pf
,
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furthermore, Y is radicial, affine and integral over X. Assume in ad-
dition that:
• X is a Nagata scheme
• The degree of imperfection of the residue fields of each maximal
point of X is finite.
Then Yred is finite over X.
Proof. Since all assertions are local on X we may assume X = SpecA,
recall that we proved that FlexT is schematic, quasicompact and sep-
arated, hence the 2-cartesian diagram for some quasicompact and sep-
arated A-scheme Y . First of all we note that Y is universally closed
over SpecA, simply because the proposition 6.17 gives us the valuative
criterion (N.B.: Y is quasicompact and A is noetherian). Without loss
of generality we may assume the surjectivity of Y → SpecA, otherwise
there was an ideal
√
I = I ⊂ A such that SpecA/I was the image of Y
and it did no harm to replace A by A/I. We continue with the affine-
ness: Let Ui ⊂ Y be an open and affine covering of Y , and let Vi be
the image of Ui in SpecA. Since bijectivity and closedness implies the
openness of a morphism we know that the Vi’s form an open covering
of SpecA, so let us choose a refinement consisting of sets of the form
D(fi), for certain elements fi ∈ A. Let us define the set of sections
gi ∈ Γ(Y,OY ) as the pull-backs of fi, and let us note that Ygi is clearly
an open covering of Y . Moreover, every Ygi has to be affine: Just choose
some j with D(fi) ⊂ Vj , so that Ygi ⊂ Uj and Ygi = Spec Γ(Uj ,OY )gi|Uj
as desired. Hence Y = SpecB, and the integrality of B over A is clear.
Notice that the finiteness assertion was already shown for the special
case of a field (of finite degree of imperfection). In order to prove the as-
serted greater generality we may and we will assume without loss of gen-
erality that A is reduced (so that the map from A to B is injective). Let
S be the set of non-zerodivisors of A. The elements of S are still non-
zerodivisors of B, here notice, that a universal homeomorphism maps
points of height 0 to points of height 0. Now, since the fiber of FlexT
over SpecA is SpecB, its fiber over SpecS−1A is clearly SpecS−1B
(being the fiber of SpecB → SpecA over SpecS−1A). However S−1A
is a finite product of fields, say
∏n
i=1 ki, so that S
−1Bred =
∏n
i=1 li,
where li is a (purely inseparable and) finite field extension of ki. It
follows that Bred is contained in the integral closure of A in
∏n
i=1 li,
and this is finite over the Nagata ring A. 
Remark 6.19. Proposition 6.18 has a remarkable consequence for the
universal formal equicharacteristic deformations: Let P0 be a display
with (G, {υσ}σ∈Σ)-structure over a perfect field k, let us write S0 for
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the image in BRF
pf
, let Puni/R and Suni/A be their universal formal
equicharacteristic deformations over the complete noetherian rings R
and A (cf. corollary 3.29). Let SpecB be the fiber of FlexT over
SpecA, which is a local scheme. It is clear that R is the pro-artinian
completion of B. However, since the former happens to be reduced
(it’s a power series algebra) we obtain a factorization B → Bred → R.
According to the previous proposition this entails the completeness of
Bred, and thus Bred = Bˆ = R.
7. Connections
In this section we fix a W (Fpf )-rational Φ-datum (G, µ), where G
is a Zp-group, and we assume p 6= 2. Let P be a display with (G, µ)-
structure over a W (Fpf )-scheme X on which p is nilpotent. Recall that
it gives rise to locally trivial principal homogeneous spaces q(P) and
q(P) ×Iµ WG for the groups Iµ and WG over X. Note also that we
defined a crystal HP over (X/W (Fpf ))cris taking values in the fibration
TorsWG. We are going to use a certain canonical connection on q(P)×Iµ
WG, which can be described as follows: Assume w.l.o.g. X = SpecR,
so that the two coordinate maps pri : R → R ⊕ Ω1R/W (F
pf
) (cf. part B
of the appendix) yield (X/W (Fpf ))cris-morphisms, say
(R ⊕ Ω1R/W (F
pf
),Ω
1
R/W (F
pf
), 0) =: V
′ vi→ V := (R, 0, 0)
for i ∈ {1, 2}. By the crystalline nature of HP there are associated
isomorphisms:
(56) H1
α1← HP(V ′) α2→ H2,
where Hi := HP(V )×V,vi V ′. In order to compute the curvature of the
connection α := α1 ◦ α−12 we have to invoke further pull-backs H ′i of
the locally trivial principal homogeneous space q(P)×Iµ WG along the
three projections wi from
V ′′ = (R⊕ Ω1,⊕2R/W (F
pf
) ⊕ Ω2R/W (Fpf ),Ω
1,⊕2
R/W (F
pf
) ⊕ Ω2R/W (Fpf ), 0).
to V , which are given by (x, 0, 0, 0), (x, dR(x), 0, 0), and (x, dR(x), dR(x), 0)
(in the notation of proposition B.1), here observe that V ′′ is an ob-
ject of (X/W (Fpf ))cris, and that w1, w2, and w3 are morphisms in
(X/W (Fpf ))cris. Let αi,j : H
′
j → H ′i denote the pull-backs of α along
pri,j (cf. part B of the appendix). The diagram (56) together with the
transitivity of pull-back (i.e. the crystalline nature of HP) allow to infer
that these morphisms coincide with βi ◦ β−1j , where βi : HP(V ′′)→ H ′i
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is induced from wi. Whence it follows
α12 ◦ α23 ◦ α−113 = β1 ◦ β−12 ◦ β2 ◦ β−13 ◦ (β1 ◦ β−13 )−1 = 1,
and we will say that α is the Witt-connection of P. For a banal display
with representative O ∈ G(W (R)) one may argue more explicitely: If
O′ is the image of O under the map pr2 : R → R ⊕ Ω1R/W (F
pf
), and if
xO ∈ G(W (Ω1R/W (F
pf
))) is an element with
OΨµ,1
Ω1
R/W (F
pf
)
(xO)O
−1 = xOO
′O−1
then xO describes indeed the Witt-connection of P (please see definition
3.13 for the meaning ofΨµ,1
Ω1
R/W (F
pf
)
). When thinking ofG(W (Ω1R/W (F
pf
)))
as the additive groupW (Ω1R/W (F
pf
))⊗Zp g, the equation metamorphoses
into:
AdG(O)ψµ,1
Ω1
R/W (F
pf
)
(xO)− xO = O′O−1,
where ψµ,1
Ω1
R/W (F
pf
)
is the map described in remark 3.14. Similarily, if
U ∈ G(W (R)) is an alternative representative, so that O = k−1UΦµ(k)
holds for some element k ∈ Iµ(R), then AdG(k)(xO) is the sum of xU
and k′k−1 in G(W (Ω1R/W (F
pf
))).
Our next result presents an alternative approach to connections, which
is more classical: Fix a Frobenius lift τ on a torsionfree, a-adically sep-
arated and complete W (Fpf )-algebra A, where a is an ideal containing
some power of p. We consider the module of formal m-forms
ΩˆmA/W (F
pf
) := lim←
m∧
A/an
Ω1A/an ,
which is isomorphic to the a-adic completion of
∧m
A Ω
1
A/W (F
pf
). Observe
that τ acts on each ΩˆmA/W (F
pf
), and let τ1 denote the unique a-adically
continuous τ -linear endomorphism on
⊕
m6=0 Ωˆ
m
A/W (F
pf
) satisfying
τ1(dAx ∧ ω) := (dA τ(x)− x
p
p
+ xp−1dAx) ∧ τ(ω).
The Lie-algebra of G is equipped with a decomposition
⊕
l∈Z gl =
W (Fpf ) ⊗Zp g, according to the weights of µ : Gm,W (Fpf ) → GW (Fpf ).
On the space ⊕
m≥1≥l
ΩˆmA ⊗W (Fpf ) gl =
⊕
m≥1
ΩˆmA ⊗Zp g
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of g-valued formal differential forms of positive degree we consider yet
another endomorphism given by:
ψµA(ω ⊗ x) =
{
τ1(ω)⊗ τ(x) l = 1
p−lτ(ω)⊗ τ(x) otherwise
for all x ∈ gl, and then we have:
Lemma 7.1. If U ∈ G(A) satisfies the mod a-nilpotence condition,
then there exists a unique element DU ∈ Ωˆ1A ⊗Zp g with
AdG(U)(ψµA(DU))−DU = ηG ◦ U,
and the following further properties hold:
(i) The curvature vanishes, i.e. dA(DU) +
[DU ,DU ]
2
= 0.
(ii) Let n be a positive integer and let O be the image of δˆ(U) ∈
G(W (A)) in G(W (A/an)), where δˆ is as in subsubsection 3.6.
Then O represents a banal display with (G, µ)-structure over
SpecA/an whose Witt-connection xO is described by the ele-
ment of G(W (Ω1A/an)) = (
∏∞
k=0Ω
1
A/an [wk]
) ⊗Zp g, of which the
kth component is equal to the image of τk1 (DU) in Ω
1
A/an ⊗Zp g.
Proof. This is analogous to [5, Lemma 2.8]. The nilpotence condition
implies that D 7→ AdG(U)(ψµA(D))−ηG◦U is a contractive map for the
a-adic topology, so there exists a unique fixedpoint DU . The curvature
of DU satisfies Ad
G(U)(ψµA(RU)) = RU ∈ Ωˆ2A ⊗Zp g, again this has a
unique solution, namely RU = 0. 
By slight abuse of terminology we will call the said element DU of
the previous lemma the Dieudonné connection of U .
7.1. Formal Connections. We want to specialize to the case A :=
W (k0)[[t1, . . . , td]] and a := pA+
∑d
i=1 tiA, where the field k0 is an alge-
braically closed or an algebraic extension of Fpf and d := rankW (Fpf ) g1.
Let us fix the Frobenius lift determined by τ(ti) := t
p
i . As in [20] we
need to invoke an important subalgebra of the power series algebra in
d indeterminates over K(k0):
K(k0){{t1, . . . , td}} := {
∑
n
ant
n| |an|pCn1+···+nd → 0 ∀C < 1}
One has A[1
p
] ⊂ K(k0){{t1, . . . , td}} ⊂ K(k0)[[t1, . . . , td]], and it is
very straightforward to extend the endomorphism τ to each of these
K(k0)-algebras. We write Aut(A/W (k0)) for the W (k0)-linear auto-
morphisms of A. This group acts naturally on K(k0){{t1, . . . , td}} and
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on
⊕d
i=1K(k0){{t1, . . . , td}}dti from the left (in fact it is well-known
that the latter objects allow more canonical descriptions without ex-
plicit variables, e.g. as spaces of rigid functions or Kaehler differentials
on the generic fiber of Spf A). From this Aut(A/W (k0))-action one
derives an important semi-direct product
T := G(K(k0){{t1, . . . , td}})⋊ Aut(A/W (k0)).
Any display P0 with (G, µ)-structure over Spec k0 is automatically ba-
nal, and hence represented by some U0 ∈ G(W (k0)). Choose a µ-
basis of d additive 1-parameter subgroups ǫ1, . . . , ǫd : Ga → GW (F
pf
)
of µ-weights 1, as in definition C.2. Notice that the element U1 :=
(
∏d
i=1 ǫi(ti))U0 satisfies the nilpotence condition mod a, so that it
possesses a well-defined Dieudonné connection D1 ∈ Ωˆ1A ⊗Zp g, in the
sense of and according to lemma 7.1. Our prime tool is the trick of
Dwork, which provides us with an element Θ ∈ G(K(k0){{t1, . . . , td}})
satisfying:
Θ(0, . . . , 0) = 1
Θ−1b1τ(Θ) = b0
ηG ◦Θ = −D1
where b0 = U0
Fµ(1
p
) and b1 = U1
Fµ(1
p
) (N.B.: the last equation has
to be interpreted in
⊕d
i=1K(k0){{t1, . . . , td}}dti). Notice that the sub-
group Θ(G(K(k0)) × Aut(A/W (k0)))Θ−1 ⊂ T consists of exactly all
solutions to the differential equation:
(57) Ad(u)s(D1)−D1 = ηG ◦ u,
here the right-hand side is again the image of ηG under the map Ω
1
G →⊕d
i=1K(k0){{t1, . . . , td}}dti induced by u, and the left-hand side uses
the natural left action of Aut(A/W (k0)). Also, notice that the el-
ement Uuni := δˆ(U1) ∈ ObB(G,µ)(A) represents the universal formal
mixed characteristic deformation Puni of P0, which has a rich amount
of symmetry: For every γ ∈ Aut(P0), there exists a unique pair
(hγ, sγ) ∈ Iµ(A)⋊ Aut(A/W (k0)) with:
• sγ(Uuni) = h−1γ UuniΦµ(hγ)
• hγ is a lift of γ ∈ Iµ(k0)
Passage to the level-0 truncation uγ := w0(hγ) yields elements (uγ, sγ) ∈
Iµ0 (A)⋊Aut(A/W (k0)) which are horizontal in the sense that (57) holds
(N.B.: Part (ii) of lemma 7.1 shows that D1 depends only on Puni and
not on the choice of τ). After these preparatory remarks we are able to
state and prove the very important technical fact that D1 tends to be
complicated as can be, here K(k0)
ac (resp. K(k0)
ac{{t1, . . . , td}}, Aac,
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Ωˆ1Aac/K(k0)ac , etc.) denotes an algebraic closure of K(k0) (resp. the p-
adically incomplete tensor products K(k0)
ac⊗K(k0)K(k0){{t1, . . . , td}},
K(k0)
ac ⊗K(k0) A, K(k0)ac ⊗W (k0) Ωˆ1A/W (F
pf
), etc.).
Lemma 7.2. Let Gspc ⊳ GQp be the smallest Qp-rational normal sub-
group, such that no µ-weight of LieGQp/LieG
spc is positive. Then
D1 ∈ Ωˆ1A ⊗Zp Lie(Gspc) holds. Assume in addition that the following
holds:
(i) The group G is reductive and of adjoint type.
(ii) The field k0 is finite.
(iii) There exists some s ∈ N with b0F b0 · · · F s−1b0 = 1
Then there do not exist any proper subgroups H ⊂ GspcK(k0)ac for which
there are elements u ∈ G(Aac) with:
AdG(u)(D1)− ηG ◦ u ∈ Ωˆ1A ⊗W (k0) LieH
Proof. By the right-invariance of the Cartan-Maurer form one has:
ηG ◦ U1 = ηG ◦ (
d∏
i=1
ǫi(ti)) ∈ Ωˆ1A ⊗Zp Lie(Gspc).
Hence the p-adically contractive map D 7→ AdG(U1)(ψµA(D))− ηG ◦ U1
preserves Ωˆ1A ⊗Zp Lie(Gspc), because Lie(Gspc) is a Lie ideal.
Note that K(k0) will allow a sufficiently large Galois extension N ⊂
K(k0)
ac over which both of H and u are defined, furthermore we can
pick an extension of the absolute Frobenius on K(k0) to N (hence an
extension of τ to N{{t1, . . . , td}}). In order to simplify the notation
we may also assume k0 = ON/mN , so that N is totally ramified over
K(k0). Let u0 ∈ G(N) be the evaluation of u at the specific point
t1 = · · · = td = 0. Consider the elements AdG(u)(D1)− ηG ◦ u =: D˜ ∈
Ωˆ1A ⊗W (k0) LieH , b˜ = ub1τ(u−1), and Θ˜ := uΘu−10 . Since Θ˜ is neutral
at the origin and satisfies the differential equation −D˜ = ηG ◦ Θ˜, we
are allowed to deduce Θ˜ ∈ H(N{{t1, . . . , td}}).
Observe Θ˜−1b˜τ(Θ˜) = u0b0τ(u−10 ), and if the assumption (iii) is satisfied
by some positive multiple s of the degree of k0 we get: Θ˜τ
s(Θ˜−1) =
b˜τ(b˜) · · · τ s−1(b˜) ∈ H(N ⊗W (k0) W (k0)[[t1, . . . , td]]). Towards shifting
our attention to the Witt ring we introduce the map δˆN := idN ⊗δˆ
from N ⊗W (k0) A to N ⊗W (k0) W (A/pA), where δˆ is Cartier’s diagonal
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associated to the Frobenius lift τ . If we let
b˜uni := δˆN(b˜)
h˜γ := δˆN (u)hγ δˆN (sγ(u
−1))
u˜γ := uuγsγ(u
−1)
for each γ ∈ Aut(P0), we find
sγ(b˜uni) = h˜
−1
γ b˜uniF (h˜γ).
The key to the proof is the slope homomorphism ν˜ of b˜uni. Since H
is sγ-invariant, we infer that each h˜
−1
γ ν˜h˜γ is a cocharacter of H . The
hγ’s are Zariski-dense by inspection of their special fibers, observe that
Aut(P0) is a p-adically open subgroup in a certain Qp-form of G by
[45, Proposition 1.12]). It follows that H contains a normal subgroup
containing ν˜, and corollary 3.35 finishes the proof. 
7.2. Existence of lifts.
Lemma 7.3. Let A be a W (Fpf )-algebra in which p is nilpotent, and
let a ⊂ A be an ideal such that a2 + pa = 0. Let P be a display with
(G, µ)-structure over A, and denote its pull-back to A := A/pA by P.
Fix a A-linear homomorphism t : Ω1
A/F
pf
→ a and write N for the
composition
TˇP
KP→ Ω1
A/F
pf
t→ a.
Furthermore, the automorphism α : A→ A; x 7→ x+t(d(x)) preserves a
and induces the identity on A0 := A/a, so that P×SpecA,αSpecA and P
are naturally elements of DP0,SpecA, where P0 denotes the pull-back of P
to SpecA0. Then, the difference of these lifts is described by the map N
above (when regarded as an element of HomA(TˇP , a) ∼= HomA0(TˇP0 , a)).
Proof. Consider the commutative diagram:
A⊕ Ω1
A/F
pf
←−−− A⊕ Ω1
A/F
pf
−−−→ Ay y y
A ←−−− A −−−→ A0
,
in which the vertical arrows are surjections whose kernels are p-torsion
ideals with vanishing square. The three applicable spaces of infinites-
imal deformations are HomA(TˇP ,Ω
1
A/F
pf
), and HomA(TˇP ,Ω1A/F
pf
), and
HomA0(TˇP0 , a). Let us write pr
′
2 for the map from A to A⊕Ω1A/F
pf
with
pr′2(x) = x+d(x), and let us write P˜ for the pull-back of P via Spec pr′2,
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and let N˜ ∈ HomA(TˇP ,Ω1A/F
pf
) measure the difference between P˜ and
P. By the mere functoriality of the T?-actions in the corollary 3.27,
we know that the element KP comes from the element N˜ under the
natural map
HomA(TˇP ,Ω
1
A/F
pf
)
∼=← HomA(TˇP ,Ω1A/F
pf
).
Due to the same reason it is clear that the series of morphisms
HomA(TˇP ,Ω1A/F
pf
)
◦t→ HomA(TˇP , a)
∼=→ HomA0(TˇP0 , a)
sends N˜ to the desired difference between P×SpecA,αSpecA and P. 
Lemma 7.4. Let ν be a positive integer, fix a smooth Wν(Fpf )-algebra
A, and let P be a display with (G, µ)-structure over A := A/pA. Let
Γ be the group of Wν(Fpf )-algebra automorphisms of A which induce
the identity on A/pA. Then Γ acts on DP,SpecA, and if the Kodaira-
Spencer element of P is a split injection (resp. bijective) then this
action is transitive (resp. simply transitive).
Proof. By induction on ν this follows immediately from lemma 7.3. 
Corollary 7.5. Let ν be a positive integer, and let P be a display
with (G, µ)-structure over a smooth Fpf -variety X, assume that P is
formally étale in the sense of remark 6.12. Then there exists a display
P(ν) with (G, µ)-structure over a smooth Wν(Fpf )-variety X (ν) together
with isomorphisms
X ∼= X (ν) ×Wν(Fpf ) Fpf
P ∼= P(ν) ×X (ν) X
moreover the quadruple consisting of X (ν), P(ν) together with the two
isomorphisms above is unique up to a unique isomorphism.
Proof. Let
⋃
l Ul be an open affine covering, and let P l be the restric-
tion of P to Ul. Choose smooth affine Wν(Fpf )-schemes U (ν)l lifting
the smooth affine Fpf -schemes Ul, and let U
(ν)
l;m,n ⊂ U (ν)l;m be the open
subschemes of U
(ν)
l whose underlying point sets are Ul ∩ Um ∩ Un and
Ul ∩ Um. Let us pick lifts P(ν)l ∈ DPl,U (ν)l . Their existence is due to
part (i) of corollary 3.27. Let ψ
(ν)
l;m : U
(ν)
l;m → U (ν)m;l be a lift of the iden-
tity which pulls back P(ν)m |U (ν)m;l to P
(ν)
l |U (ν)l;m. It exists due to lemma 7.4.
Moreover, we have
ψ
(ν)
l;n |U (ν)l;n,m = ψ
(ν)
m;n|U (ν)m;n,l ◦ ψ
(ν)
l;m|U (ν)l;m,n,
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as both sides of the equation pull back P(ν)n |U (ν)n;l,m to P
(ν)
l |U (ν)l;n,m, and
such a map is unique, again by lemma 7.4. Thus we defined a formally
smooth lift along with a family of displays P(ν) with (G, µ)-structure
over it. 
Corollary 7.6. Let P be a formally étale (cf. remark 6.12) display
with (G, µ)-structure over a proper and smooth Fpf -variety X. Let
F = q0(P) ∈ ObTors(Iµ0 )(X) be the level-0 truncation. Suppose that there
exists a character χ : Iµ0 → Gm,W (Fpf ) such that L := ωF(χ) is an ample
line bundle on X. Then there exists a smooth and proper W (Fpf )-
scheme X , together with a sequence of displays {P(ν)}ν∈N with (G, µ)-
structure over X (ν) := X ×W (F
pf
) Wν(Fpf ), and isomorphisms
δ : X ∼= X (1)
δ(0) : P ∼= P(1) ×X (1),δ X
δ(ν) : P(ν) ∼= P(1+ν) ×X (1+ν) X (ν)
moreover, the triple consisting of the lift δ : X
∼=→ X×W (F
pf
)Fpf together
with the two sequences {P(ν)}ν∈N, and {δ(ν)}ν∈N0 is unique up to a
unique isomorphism.
Proof. This follows from the above together with [18, Théorème (5.4.5)],
observe that the lift of L is automatic, since we can use the P(ν)’s. 
8. Moduli spaces of abelian varieties with additional
structure
Let L be a totally imaginary extension of a totally real number field
L+ and write¯ for the non-trivial element of Gal(L/L+). By a skew-
Hermitian L-vector space we mean
• a finite-dimensional L-vector space V together with
• a L-linear isomorphism Ψ : V → Vˇ , such that −Ψ(x, y) =
Ψ(y, x).
Fix a pair (V,Ψ) as above. A place of L is called inert, if it is fixed by
.¯ By localisation, one obtains skew-Hermitian Lv-vector spaces (Lv ⊗L
V,Ψv) for every inert place v of L. Let U(V/L,Ψ) represent the group
functor
R 7→ {g ∈ GLL⊗L+R(V ⊗L+ R)|Ψ(gx, gy) = Ψ(x, y) ∀x, y ∈ V ⊗L+ R}.
In this section we need a few Hodge-theoretic preliminaries, recall that
the real algebraic group S := ResC/RGm is called the Deligne torus,
where C stands for an algebraic closure of R. Let us also write S1 for
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the kernel of the norm S→ Gm,R. Notice that S = (Gm,R×R S1)/{±1}
holds, and we also want to choose
√−1 ∈ C once for all. A Q-Hodge
structure of weight −1 on V is called skew-Hermitian if and only if:
• the restriction of the associated homomorphism h : S→ GL(V/Q)
to the subgroup S1 factors through the subgroup ResL+/QU(V/L,Ψ)
of GL(V/Q), and
• the symmetric form (trL/QΨ)(ρ(h(
√−1))x, y) is positive defi-
nite on R⊗ V .
Fix a triple (V,Ψ, h) as above, and note that there are Hodge de-
compositions Vι =
⊕
p+q=−1 V
p,q
ι , where Vι = C ⊗ι,L V stands for the
eigenspace as ι is running through the set Lan = SpecL(C) of embed-
dings of L into C, observe that Lan carries a natural left Gal(R/Q)-
action commuting with the complex conjugation which could be viewed
as acting from the right, the subfield R stands for the normal clo-
sure.Let us denote the Hodge numbers dimC V
p,q
ι by h
p,q
ι . The C-vector
spaces Vι carry natural skew-Hermitian forms Ψι, obtained by exten-
sion of scalars. Notice that V
p,q
ι = V
q,p
ι◦∗ , so that h
p,q
ι = h
q,p
ι◦∗.
One more piece of terminology will prove useful: Consider some Q-
group that can be written in the form G = (Gm × ResL+/QG1)/{±1}
for some connected L+-group G1, which is assumed to be an inner form
of a totally compact form, and some Q-rational normal subgroup {±1}
of Gm×ResL+/QG1 not contained in Gm nor ResL+/QG1. The recipro-
cal function defines a Q-rational injection w : Gm →֒ G simply called
‘the weight’. Consider a further homomorphism h : S→ GR such that
h(
√−1) is a Cartan-involution of GR/w(Gm,R) and h|Gm,R = w−1R . If
these properties hold we will say that the pair
(G1, h)
is a Hodge datum with coefficients in L+. As usual we write µh :
Gm,C → GC for the restriction of the complexification of h to the first
factor in the canonical decomposition SC ∼= G2m,C. By slight abuse of
language we call (G1, h) Shimura datum with coefficients in L+, if and
only if µh is minuscule (cf. [10]). Notice that GR is contained in the
product of the groups (Gm,R×RG1ι )/{±1} where G1ι := G1×L+,ιR as ι
runs through L+an. Accordingly we let µι : Gm,C → (Gm,C×CG1ι,C)/{±1}
be obtained as image of µ in the factor that corresponds to ι. Let E ⊂ C
be the smallest field over which the conjugacy class of µh is defined,
observe that the conjugacy class of each µι is defined over some subfield
of the composite ER.
At last, suppose that (V,Ψ) is a skew-Hermitian L-vector space. Then
we will say a L+-homomorphism ρ : G1 → U(V/L,Ψ) is a unitary
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representation (of type {(−bι, bι−1), . . . , (−aι, aι−1)}), if the following
holds:
(U1) ρ(w(−1)) = − idV
(U2) If ̺ : G→ GL(V/Q) denotes the unique extension of ResL+/Q ρ
that restricts to the identity on the subgroupGm, then (V,Ψ, ̺R◦
h) is a skew-Hermitian Hodge structure (of type {(−bι, bι −
1), . . . , (−aι, aι − 1)}).
Here, it is understood that {aι}ι∈Lan is some family of integers satis-
fying aι ≤ bι := 1 − aι◦∗. We define the character χρ of a unitary
representation ρ to be the composition G1L
ρ→ GL(V/L) tr→ A1L, it is a
L-rational class function satisfying χρ(γ) = χρ(γ
−1).
8.1. ϑ-gauged representations. In order to describe an important
operation on the set of isometry classes of skew-Hermitian Hodge struc-
tures, we need to introduce certain combinatorial data: Fix an element
ϑ ∈ Gal(R/Q). Minimal non-empty ϑ-invariant subsets of Lan are
called cycles. A cycle is called inert if it is invariant under composi-
tion with ∗, and otherwise it is called split. A set S ⊂ Lan is called a
semi-cycle if and only if
• the sets {ι|ι ◦ ∗ ∈ S} and S are disjoint, and
• the union S ∪ {ι|ι ◦ ∗ ∈ S} is a (necessarily inert) cycle.
A skew-Hermitian Hodge structure (V,Ψ, h) is called ϑ-compact if every
cycle contains at least one element ι for which all but at most one
of its Hodge numbers hp,qι vanish. A function d
+ : Lan → Z with
d+(ϑ ◦ ι) ≤ d+(ι) + 1 and d+(ι ◦ ∗) = d+(ι) ≥ 0 will be called a
ϑ-multidegree.
Definition 8.1. Consider the function d(ι) := ϑ−d
+(ι) ◦ ι, for some
fixed ϑ-multidegree d+.
• We say that a family of integers {aι}ι∈Lan satisfying 1− aι◦∗ :=
bι ≥ aι is normalized if the following properties hold:
(N1) For every ι ∈ Lan one has bι − aι = |d−1(ι)|.
(N2) If Θ ⊂ Lan is a cycle, then one has 0 =
∑
ι∈Θ aι.
(N3) For every semi-cycle S ⊂ Lan the congruence:
Card({κ ∈ S|d(κ) /∈ S}) ≡
∑
ι∈S
aι (mod 2)
holds.
• We say that a function j : Lan → Z is called a ϑ-gauge of type
{(−bι, bι− 1), . . . , (−aι, aι− 1)} if the following properties hold:
(G1) j(ι ◦ ∗) = −j(ι),
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(G2) For each l ∈ [aι, bι−1], there exists a unique κ ∈ Lan, with
d(κ) = ι and j(κ) = l.
Suppose that the condition (N1) holds. Then (N2) holds if and
only if it holds for all split cycles, while (N3) holds if and only if it
holds for one arbitrary choice of semi-cycle S, within each inert cycle.
The remarkable parity condition (N3) already entered into a p-adic
consideration (namely in the proof of corollary 4.7), and now it is going
to enter into a real analytic consideration in the proof of following.
Lemma 8.2. Fix integers aι ≤ bι = 1−aι◦∗, and a pair (d+, j) satisfy-
ing the conditions (N1), (G1) and (G2) in definition 8.1. Consider a
skew-Hermitian Hodge structure (V,Ψ, h), such that the Hodge decom-
position of Vι is of type contained in {(−bι, bι − 1), . . . , (−aι, aι − 1)},
and let hp,qι be its Hodge numbers. Then there exists a skew-Hermitian
Hodge structure (V˜ , Ψ˜, h˜) such that:
(i) For every finite inert place v of L there exists a Lv-linear simi-
larity from (Lv⊗LV,Ψv) to the skew-Hermitian Lv-vector space
(Lv ⊗L V˜ , Ψ˜v).
(ii) The Hodge numbers of (V˜ , Ψ˜, h˜) are given by
(58) h˜p˜,q˜κ =


∑
p<−j(κ) h
p,q
d(κ) (p˜, q˜) = (−1, 0)∑
p≥−j(κ) h
p,q
d(κ) (p˜, q˜) = (0,−1)
0 (p˜, q˜) /∈ {(−1, 0), (0,−1)}
for every κ ∈ Lan.
In addition, suppose that the conditions (N2) and (N3) hold. Then
(V˜ , Ψ˜, h˜) may be chosen such that the skew-Hermitian Lv-vector spaces
(Lv ⊗L V,Ψv) and (Lv ⊗L V˜ , Ψ˜v) are isometric for every finite inert
place v of L.
Proof. Recall that the signatures (resp. discriminants) of the envisaged
forms
√−1Ψ˜κ have to be equal to h˜−1,0κ − h˜0,−1κ (resp. (−1)h˜
0,−1
κ ), while
the signatures (resp. discriminants) of the given forms
√−1Ψ˜ι are
equal to
∑
p+q=−1(−1)qhp,qι (resp.
∏
p+q=−1(−1)qh
p,q
ι ). We begin the
proof of the lemma with the strengthened version of (i). Choose a
disjoint union Lan = S ∪ {ι|ι ◦ ∗ ∈ S}. In fact the only issue is the
existence of a skew-Hermitian space (V˜ , Ψ˜), and all we have to do is
check the congruence∑
ι∈S
∑
p+q=−1
qhp,qι ≡
∑
κ∈S
h˜0,−1κ (mod 2).
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It is easy to see that we have
−aι◦∗ dimL V =
∑
p+q=−1
qhp,qι +
∑
d(κ)=ι
h˜0,−1κ ,
for every ι. Let us write T for the preimage of S under d. Summation
over all ι ∈ S yields:
(−
∑
ι◦∗∈S
aι) dimL V =
∑
ι∈S
∑
p+q=−1
qhp,qι +
∑
κ∈T
h˜0,−1κ .
When calculating (mod 2) we find that the left-hand side agrees with
Card(S − T ) dimL V , according to the conditions (N2) and (N3). It
remains to show that
∑
κ∈S h˜
0,−1
κ +
∑
κ∈T h˜
0,−1
κ agrees with Card(S −
T ) dimL V too. In these sums one can ignore S∩T and Lan−(S∪T ), and
the contribution from each element κ in the difference set is precisely
h˜0,−1κ + h˜
0,−1
κ◦∗ = dimL V .
In the weakened version of the lemma, the existence of (V˜ , Ψ˜) is an
issue only if dimL V ≡ 0 (mod 2), in which case one can avoid the use
of the conditions (N2) and (N3). 
Remark 8.3. For each pair (i, ι), let [a′i,ι, b
′
i,ι] be the smallest interval
such that the set of bi-weights occuring in the Hodge decomposition of
Vi,ι is contained in
{(−b′i,ι, b′i,ι − 1), . . . , (−a′i,ι, a′i,ι − 1)},
where V is a skew-Hermitian Hodge structure of weight −1, as in the
previous lemma, so that we have ai,ι ≤ a′i,ι ≤ b′i,ι ≤ bi,ι. If j is as in
lemma 8.2, we always have j(ι) ∈ [ai,ι, bi,ι − 1], due to condition (N1).
However, the corresponding modified Hodge numbers h˜−1,0κ and h˜
0,−1
κ
of the said lemma depend merely on the function
j′(ι) :=


a′i,ι − 1 j(ι) ∈ [ai,ι, a′i,ι − 1]
j(ι) j(ι) ∈ [a′i,ι, b′i,ι − 1]
b′i,ι j(ι) ∈ [b′i,ι, bi,ι − 1]
,
furthermore j′ is still a ϑ-gauge of type {(−b′ι, b′ι−1), . . . , (−a′ι, a′ι−1)}.
Unfortunately, the passage from j and the [ai,ι, bi,ι]’s to the seemingly
more canonical j′ and the [a′i,ι, b
′
i,ι]’s would contradict our condition
(N1) and it would obscure the parity condition too.
We fix a ϑ-multidegree d+. A quadruple (V, ρ,Ψ, j) is called a ϑ-
gauged L-unitary representation of type {(−bι, bι−1), . . . , (−aι, aι−1)}
if the following holds:
(GU1) (V, ρ,Ψ) is a unitary representation of type {(−bι, bι−1), . . . , (−aι, aι−
1)}
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(GU2) j is a ϑ-gauge for the type {(−bι, bι − 1), . . . , (−aι, aι − 1)}, i.e.
it satisfies the conditions (G1) and (G2) of definition 8.1
Observe that for any ι ∈ Lan − d(Lan), the two conditions (U2) and
(N1) imply immediately that (−aι, aι − 1) = (−bι, bι − 1) is the sole
bi-weight occuring in the Hodge decomposition of Vι, while for general
elements ι ∈ d(Lan) the endpoints aι ≤ bι for which the conditions (U2)
and (G2) hold simultaneously, are certainly not always unique. Let us
say that (V, ρ,Ψ, j) is a ϑ-gauged L-unitary representation if (GU1)
and (GU2) holds for a family of integers aι ≤ 1 − aι◦∗ =: bι satisfying
the condition (N1). In this case the intervals [aι, bι] are maximal in the
sense that
max{j(κ)|d(κ) = ι} = bι − 1
min{j(κ)|d(κ) = ι} = aι
holds for all ι ∈ d(Lan), and in particular the family {aι}ι∈Lan is already
uniquely determined (namely by the Hodge numbers of (V, h) and the
pair (d+, j) together with ϑ).
Remark 8.4. From now onwards we always assume that condition (N1)
is fulfilled. By the preceding comments this will allow the convention
of saying “(V, ρ,Ψ, j) satisfies (N2) or/and (N3)” if and only if {aι}ι∈Lan
satisfies (N2) or/and (N3).
8.2. Provisional construction of Fpf -schemes UpM˜T,p. Suppose
that some odd prime p is unramified in L, let r ∈ SpecOR be a di-
visor of p, and let ϑ ∈ Gal(R/Q) be the (unique) element which fixes r
and induces the absolute Frobenius on OR/r. The following serves as
input datum for poly-unitary moduli problems:
Definition 8.5. Let (G1, h) be a Hodge datum with coefficients in L+,
as in the beginning of this section. A pair of families
P = ({(Vi,Ψi, ρi, V˜i, Ψ˜i, h˜i, ς∞,pi )}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π),
is called a L-poly-unitary Shimura datum over R for r if it enjoys the
following properties:
(P0) The index set Λ has finite cardinality, for each of its elements i
the triple (V˜i, Ψ˜i, h˜i) is a skew-Hermitian Hodge structure, the
triple (Vi, ρi,Ψi) is a L-unitary representation of (G
1, h), the
localizations (Qp⊗V˜i, Ψ˜i,p) and (Qp⊗Vi,Ψi,p) are unramified and
ς∞,pi : A
∞,p⊗EndL(Vi)→ A∞,p⊗EndL(V˜i) is a A∞,p⊗L-linear
∗-preserving isomorphism (i.e. a A∞,p ⊗ L+-valued “projective
similarity” from (Vi,Ψi) to (V˜i, Ψ˜i)).
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(P1) Each element of the set Π is a subset π ⊂ Λ of odd cardinality,
such that the triples (V˜ π, Ψ˜π, h˜π) are ϑ-compact skew-Hermitian
Hodge structures of type {(−1, 0), (0,−1)}, where h˜π (resp. Ψ˜π)
denote the canonical Hodge (resp. skew-Hermitian) structure on
the tensorproduct:
V˜ π := (
⊗
i∈π
V˜i)(
1− Card(π)
2
),
which is formed in the L-linear ⊗-category of skew-Hermitian
Hodge structures with coefficients in L, cf. [5, section 3.1].
(P2) {(Rπ, ∗)}π∈Π is a family of L-algebras with positive involution
of the second kind, and ιπ is a L-linear ∗-preserving monomor-
phism from Rπ to the L-algebra of L-linear endomorphisms of
the L-unitary representation (V π, ρπ,Ψπ) which is defined to be
the L-linear tensor product of the family {(Vi, ρi,Ψi)}i∈π. The
(pointwise) stabilizer of
⋃
π∈ΠRπ in
∏
i∈ΛU(Vi/L,Ψi) is equal
to the image of the product
ρ :=
∏
i∈Λ
ρi : G
1 →
∏
i∈Λ
U(Vi/L,Ψi).
Furthermore, all singletons are elements of Π, and the L-algebra
of L-linear endomorphisms of the L-unitary representation (Vi, ρi,Ψi)
is equal to the image of ι{i} for every i ∈ Λ.
By saying that
T = (d+, {(Vi,Ψi, ρi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π),
is a L-metaunitary Shimura datum we mean that there exists a fam-
ily {(V˜i, Ψ˜i, h˜i, ςi)}i∈Λ, for which (P0)-(P2) together with the following
three additional requirements hold:
(P3) Each li is an element of (A
∞,p ⊗L+)×/NL/L+(A∞,p ⊗L)×, and
d+ is a ϑ-multidegree, each quadruple (Vi,Ψi, ρi, ji) is a ϑ-gauged
L-unitary representation in the sense that the conditions (GU1),
(GU2) and (N1) of the previous subsection 8.1 hold.
(P4) If ̺i stands for the extension of ResL+/Q ρi, as in (U2), then
the Hodge numbers of (V˜i, Ψ˜i, h˜i) are obtained from the Hodge
numbers of (Vi,Ψi, ̺i,R ◦h) by means of the formula (58), when
using the ϑ-gauge ji together with d.
(P5) The multiplier of some (and hence of any) A∞,p⊗L-linear sim-
ilarity ε∞,pi : A
∞,p ⊗ Vi
∼=→ A∞,p ⊗ V˜i by which the conjugation
agrees with ς∞,pi lies in the coset liNL/L+(A
∞,p ⊗ L)×.
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We say that T is normalised if each (Vi,Ψi, ρi, ji) is normalised in the
sense of remark 8.4. The elements li ∈ (A∞,p⊗L+)×/NL/L+(A∞,p⊗L)×
are called the scale factors of T.
Finally, we write T ≃ S whenever another ϑ-gauged L-metaunitary
Shimura datum S arises from T by multiplying its scale factors by
totally positive units of Z(p)⊗OL, and we write T ≈ S if they agree up
to any change of the scale factors.
The condition (P2) implies that ({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) is
a L-linear metaunitary collection for the L+-group (GΛm,L+×L+G1)/{±1}Λ.
Furthermore, we will say that the collection is unramified if there exist
hyperspecial subgroups U1i,p of U(Vi/L,Ψi)(Zp ⊗ L+) such that
(59) U1p =
⋂
i∈Λ
ρ−1i (U
1
i,p)
is a hyperspecial subgroup of G1(Qp ⊗ L+). By an integral structure
we mean a family of self-dual Z(p) ⊗OL-lattices
Vi ⊃ Vi,p = {x ∈ Vi|Ψi(x,Vi,p) ⊂ Z(p) ⊗OL}
that are stabilized by those groups. LettingH(m) denote the Hermitian
A∞,p⊗L-module of rank one, whose sesquilinear perfect pairing is given
by (x, y) = mxy∗ (for some m ∈ (A∞,p ⊗ L+)×) allows us to view the
said similarity as in (P5) as an A∞,p ⊗ L-linear isometry from
(60) H(mi)⊗L Vi,
to A∞,p ⊗ V˜i, for a suitable preimage mi of li under the canonical
projection (A∞,p ⊗ L+)× ։ (A∞,p ⊗ L+)×/NL/L+(A∞,p ⊗ L)×.
Remark 8.6. If some family of quadruples (V˜i, Ψ˜i, h˜i, ςi) satisfies the
conditions (P3)-(P5) for a given L-metaunitary Shimura datumT, then
all other ones can be written in the form:
(V˜i, m˜iΨ˜i, int(gi,∞) ◦ h˜i, int(g∞,pi ) ◦ ς∞,pi )
for units m˜i of Z(p)⊗OL+ and isometries gi,∞ and g∞,pi from (V˜i, m˜iΨ˜i)
to (V˜i, Ψ˜i) over R and A
∞,p respectively. This is because the similarity
class of (V˜i, Ψ˜i) as well as the isometry classes of (R ⊗ V˜i, Ψ˜i,∞) and
(Qp ⊗ V˜i, Ψ˜i,p) depend only on (Vi,Ψi, ρi, ji).
From now on we do fix choices of (V˜i, Ψ˜i, h˜i, ςi), and just before get-
ting started we also choose an isometry εi,p : Qp ⊗ Vi
∼=→ Qp ⊗ V˜i.
By formation of
⊗
i∈π and
⊕
i∈Λ one obtains further isometries ε
π
p :
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Qp ⊗ V π
∼=→ Qp ⊗ V˜ π and εp : Qp ⊗ V
∼=→ Qp ⊗ V˜ , when using the nota-
tions of (P2) and (P1) along with V :=
⊕
i∈Λ Vi and V˜ :=
⊕
i∈Λ V˜i, of
course.
8.2.1. First Step. We need to associate a couple of further structures
to a L-poly-unitary Shimura datum P equipped with integral structure
{Vi,p}i∈Λ: Let us write G˜π for the Q-subgroup of GL(V˜ π/Q) generated
by its center (i.e. Gm,Q) and ResL+/QU(V˜
π/L,Ψπ), moreover let X˜π
be the G˜π(R)-conjugacy class of h˜π. This sets up a family of canon-
ical PEL-type Shimura data (G˜π, X˜π). Moreover, regarding V˜ as a
skew-Hermitian module over the ∗-algebra LΛ = L⊕ · · · ⊕ L︸ ︷︷ ︸
Λ
yields yet
another PEL-type Shimura datum (G˜, X˜), where G˜ is the Q-group of
LΛ-linear similitudes of V˜ . For later reference we put ei ⊂ OΛL for
the ideal generated by the idempotent (1, . . . , 1, 0, 1, . . . , 1) with the
“0” in the i th position, and we let eι ⊂ OR ⊗ OL be the kernel of
OR ⊗ OL idR⊗ι→ OR. Finally observe that there exist canonical mor-
phisms of Shimura data gπ : (G˜, X˜) → (G˜π, X˜π), and hence canonical
G˜(A∞)-equivariant morphisms of Shimura varieties:
(61) M(G˜, X˜)
gπ→M(G˜π, X˜π)
We need to collect further facts on integrality: Observe that the pro-
jective similarities ς∞,pi produce a canonical embedding ς
∞,p : GA∞,p →
G˜A∞,p, and that any compact open subgroup of G(A
∞,p) can be writ-
ten in the for Up = ς∞,p−1(K˜p) for some compact open subgroup
K˜p ⊂ G˜(A∞,p). The previously introduced επp ’s and εp yield specific
hyperspecial subgroups K˜πp ⊂ G˜π(Qp) and K˜p ⊂ G˜(Qp) by “trans-
port of structure”. Observe that K˜πp contains g
π(K˜p), and let K˜
π be
any compact open subgroup of G˜π(A∞) containing gπ(K˜p)K˜πp . Let
K˜ ⊂ G˜(A∞) be the product of K˜p and K˜p, so that (61) induces a mor-
phism from K˜M(G˜, X˜) to K˜πM(G˜
π, X˜π). Let K˜U/ORr and K˜πUπ/ORr
be the usual moduli interpretations for these unitary group Shimura
varieties, which are smooth and proper over ORr according to [26] and
[38] (by the above property (P2)). We write K˜U/OR/r and K˜πU
π
/OR/r
for their respective special fibers. According to [26, chapter 8] there is
a disjoint union:
K˜UC ∼=
∐
i
K˜M(G˜
(i), X˜),
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where i runs through the elements of the finite set x(G˜), while the
G˜(i)’s stand for corresponding twists of G˜ (N.B.: In the case at hand
x(G˜) has more than one element, but all G˜(i)’s are non-canonically
isomorphic to G˜). Following [5, Theorem 4.8], we write Y π for the
pull-back of the universal abelian scheme on K˜πUπ to K˜U by means of
the canonical extension
(62) K˜U
gπ→ K˜πUπ,
of (61). We tacitly omit the mentioning of level structures, but do
notice that Z(p) ⊗ EndL(Y πS ) is well-defined for every S-valued point
of K˜U . Let Sπq be the possibly skew-Hermitian, graded K˜U-display to
Y π[q∞]×ORrOR/r, here note that the methods of loc.cit. are applicable
only because the p-rank of the mod r-reductions of at least one of
Y π[q∞] or Y π[q∗∞] vanishes for every q ∈ Sp, we denote Y {i} =: Yi and
S{i}q =: Si,q. Moreover, there exist canonical comparison isomorphisms:
(63) mπq :
⊗˙
i∈π
Si,q → Sπq
of possibly skew-Hermitian, graded K˜U-displays. Finally, the reduced
induced subscheme structure on the Zariski closed subset of K˜U-points
all of whose Si,qs are isoclinal is denoted by K˜U basic. Now and again
we need to invoke the projective limit K˜pU = limK˜p→1 K˜U , which is a
scheme with a right G˜(A∞,p)-action. At last, we need to introduce a
family of certain orders
ι−1π (Z(p) ⊗OL + fEndOL(Vπp)) =: Rf,π ⊂ Rπ,
associated to ideals f ⊂ Z(p)⊗OL+ , where the self-dual Z(p)⊗OL-lattice
Vπp stands for the OL-linear tensor product of the lattices Vi,p ⊂ Vi.
For a family of ideals fπ ⊂ Z(p)⊗OL+ we let the ORr-scheme UpM{fπ}π∈ΠP,r
represent the functor that sends a connected pointed base scheme
(S, s0) to the set of 4 + Card(Π)-tuples (Y, λ, ι, η, {yπ}π∈Π) with the
following properties:
(i) (Y, λ, ι, η) is a Z(p)-isogeny class of: homogeneously p-principally
polarized abelian S-schemes (Y, λ) together with a ∗-invariant
action ι : OΛL → Z(p) ⊗ End(Y ) satisfying the determinant con-
dition with respect to the skew-Hermitian LΛ-module V˜ , and a
πe´t1 (S, s0)-invariant K˜
p-orbit η of OΛL-linear similitudes
η˜ : A∞,p ⊗ V˜ ∼=→ H e´t1 (Ys0,A∞,p).
(ii) yπ : Rfπ,π → Z(p)⊗EndL(Y πS ) is a OL-linear ∗-preserving homo-
morphism such that η contains at least one element η˜ rendering
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the diagrams
A∞,p ⊗⊗i∈π EndL(Vi) ←−−− Rfπ,πy yπy
End(
⊗
i∈πH
e´t
1 (Yi,s0,A
∞,p)(1−Card(π)
2
))
H e´t1←−−− End0L(Y πs0)
commutative, simultaneously for all π ∈ Π where the πe´t1 (S, s0)-
invariant vertical map on the left is given by:⊗
i∈π
φi 7→
⊗
i∈π
η˜i ◦ ς∞,pi (φi) ◦ η˜−1i ,
for some family of endomorphisms φi ∈ A∞,p ⊗ EndL(Vi).
The projective limit
M
{fπ}π∈Π
P,r = lim
Up→1 U
pM
{fπ}π∈Π
R
is equipped with a right G(A∞,p)-action. Drawing on the above canon-
ical embedding ς∞,p, there is a G(A∞,p)-equivariant morphism
(64) M
{fπ}π∈Π
P,r → K˜pU ,
which at the finite levels recovers the tautological forgetful morphisms
(Y, λ, ι, η, {yπ}π∈Π) 7→ (Y, λ, ι, η), from UpM{fπ}π∈ΠP,r to K˜U .
Remark 8.7. These notations are justified as the above moduli problem
depends merely on Up = ς∞,p−1(K˜p) and not on the choice of K˜p. In
fact one could have avoided any explicit recourse to the (V˜i, Ψ˜i, h˜i, ςi)’s
altogether, quite simply by using the direct sum of the skew-Hermitian
A∞,p⊗L-modules (60) instead of V˜ in (i), at the cost of having to make
a choice for the introduction of the map (64). We will tacitly omit the
mentioning of the (V˜i, Ψ˜i, h˜i, ςi)’s as long as the map to K˜U plays no
particular role.
We fix a set Sp of extensions to L of the primes of L
+ over p, and
for each q ∈ Sp we let rq be the degree of q+ := q∩OL+ , and we fix an
embedding ιq : L →֒ R with ιq(q) ⊂ r, so that
ϑrq ◦ ιq =
{
ιq ◦ ∗ q∗ = q
ιq otherwise
.
Finally, all finite layers UpM
{fπ}π∈Π
P,r are proper, and if
(65) det(LˇieYi[eϑ−σ◦ιq ]) =: Li,q,σ ∈ Pic(UpM{fπ}π∈ΠP,r ),
then L := ⊗i∈Λ⊗q∈Sp⊗rq−1σ=0 Li,q,σ is ample. This follows from the
finiteness of the aforementioned forgetful maps, as the corresponding
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facts hold for K˜U by [38] and [37]. The idea of L-poly-unitary moduli
problems was implicitely present in [5, Definition 5.3].
Remark 8.8. Notice that UpM
{fπ}π∈Π
R has a natural action of the center
ZG(A∞,p), and that its congruence subgroup
Z = {g ∈ ZG(Q)|∀i ∈ Λ : idVi,p ≡ ̺i(g) mod f{i}}
acts trivially thereon. Using the conventions of remark 8.7 this can be
seen as follows: Let ξ = (Y, λ, ι, η, {yπ}π∈Π) be a (S, s0)-valued point on
M
{fπ}π∈Π
R . To any g ∈ Z, the last sentence in the property (P2) grants
the existence of elements gi ∈ Rf{i},{i} with ̺i(g) = ι{i}(gi). Consider
the p′-quasi-isogeny γ from Y to Y given by γi = y{i}(gi) on the ith
factor Yi. Using the commutativity of the above diagram (ii) one shows
that γ is an isomorphism from ξ to ξ.g = (Y, λ, ι, η ◦ g, {yπ}π∈Π).
8.2.2. Second Step. Once and for all we fix a ϑ-multidegree d+ : Lan →
N0 and a tuple
({(Vi, ρi,Ψi, ji, V˜i, Ψ˜i, h˜i, ςi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π),
that satisfies (P0)-(P4) together with an integral structure {Vi,p}i∈Λ.
Observe that the L+-group ResL/L+ G
Λ
m,L is canonically contained in
(GΛm,L+ ×L+ G1)/{±1}Λ, and we shall use this scenario to introduce a
cocharacter
α : Gm,C → (ResL/QGΛm,L)C ∼= GΛ×Lanm,C
by decreeing its (i, ι)-component to be given by αi,ι(z) = z
ai,ι . Later on
we need a family of (mod rq)-multidegrees related to our ϑ-multidegree
by means of the formula
d+q (σ) := d
+(ϑ−σ ◦ ιq),
and we also put rq(σ) := Card(d
−1({ϑ−σ ◦ ιq})) = Card(d−1q ({σ})),
where dq(σ) = σ+d
+
q (σ) (so that d(ϑ
−σ ◦ ιq) = ϑ−dq(σ) ◦ ιq). Choose a
prime p ∈ SpecOER lying above r ∈ SpecOR. We write Fpr ⊂ OER/p
for the subfield of cardinality pr, for any divisor N ∋ r | [OER/p :
Fp] =: f . Moreover, for arbitrary q ∈ Sp we let G1q be the reductive
W (Fprq)-model of G
1
q = G
1 ×L+,ιq K(Fprq ) determined by the hyper-
special subgroup U1q := U
1
p ∩ G1(L+q ), where U1p is as in (59). Let us
explain how to recover the cocharacter α in these local settings: For
every i ∈ Λ and q∗ = q ∈ Sp (resp. q∗ 6= q ∈ Sp), there are canonical
inclusions
1
F rqζ1i,q
= ζ1i,q : Gm,W (Fp2rq ) →֒ G
1
q,W (F
p2rq
),
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(resp. ζ1i,q : G
Λ
m,W (Fprq )
→֒ G1q ) which are obtained by composing the
respective scalar extension of the dilatation homomorphisms (cf. (35))
with Gm → G2m; z 7→ (z, 1z ). Putting ai,q,σ := ai,ϑ−σ◦ιq , and bi,q,σ :=
bi,ϑ−σ◦ιq determines cocharacters
αq,σ : Gm,W (F
pf
) → (Gm,W (F
pf
) ×W (F
pf
)
F−σG1q,W (F
pf
))/{±1};
z 7→ ±(z 1−rq(σ)2 ,
∏
i∈Λ
F−σζ1i,q(z
ai,q,σ+bi,q,σ−1
2 )).
For any q ∈ Sp and any σ ∈ Z/rqZ we require the cocharacters
µq,σ : Gm,W (F
pf
) → (Gm,W (F
pf
) ×W (F
pf
) G1q,W (F
pf
))/{±1}
to lie in the conjugacy class of the previously introduced µϑ−σ◦ιq , and
starting out from d+q we form subsets Σq and Σ˜q of Z/rqZ according
to the formulae (21) and (22). Notice, that µq,σ = αq,σ for all σ /∈ Σq.
The Φ-datum we wish to work with is actually:
(66) (Gq, {υq,σ}σ∈Σ˜q),
where (GΛm,W (Fprq )
×W (Fprq )G1q )/{±1}Λ =: Gq, and F
d
+
q (σ)
(
µq,dq(σ)
αq,dq(σ)
) =: υq,σ
for all σ ∈ Σ˜q. Consider the rings
W (Frq)⊗ιq,OL+ OL = Cq =
{
W (Fp2rq ) q
∗ = q
W (Fprq)⊕W (Fprq) otherwise
.
Next we will construct a family of Cq-linear gauged metaunitary col-
lections
Tq({fπ}π∈Π) =
({(Vi,q,Ψi,q, ρi,q, ji,q)}i∈Λ, {(W (Fprq)⊗ιq,OL+ Rfπ,π, ∗, ιπ,q)}π∈Π)
for each of the aforementionedW (Fpf )-rationalΦ-data (66). LetΨi,q(x, y) =
−Ψi,q(y, x)∗ denote the perfect pairings on the selfdual Cq-lattices Vi,q :=
W (Frq)⊗ιq,OL+Vi,p and ditto forΨπq (x, y) = −Ψπq (y, x)∗ on the Cq-linear
tensor products Vπq :=
⊗
i∈π Vi,q. The relation between the local gauges
and the global ones is given by:
(67) ji,q(σ) = ji(ϑ
−σ ◦ ιq)− ai,q,dq(σ),
(notice that ai,q,dq(σ) = ai,d(ϑ−σ◦ιq)). We are now in a position to appeal
to corollary 6.13 in order to introduce the provisional formally smooth
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Fpf -scheme UpM˜T,p rendering the diagram∏
q∈Sp B(Gq, {υq,σ}σ∈Σ˜q)
∏
q∈Sp
P˜q←−−−−− UpM˜T,p
∏
q∈Sp
FlexTq({fπ}π∈Π)
y y∏
q∈Sp B
Rq({fπ}π∈Π)
F
pf
←−−− UpM{fπ}π∈ΠP,r
2-cartesian. We take Rq({fπ}π∈Π) to be:
({(GU(Vi,q/Cq,Ψi,q), {υ˜i,q,σ}σ∈Z/rqZ}i∈Λ, {(W (Fprq)⊗ιq,OL+Rfπ,π, ∗)}π∈Π),
where (GU(Vi,q/Cq,Ψi,q), {υ˜i,q,σ}σ∈Z/rqZ) is the standard Φ-datum aris-
ing from the standard Φ-datum (GU(Vi,q/Cq,Ψi,q), {(F−σρi,q)◦υq,σ}σ∈Σ˜q)
by plugging the function (67) into our formalism (37) of subsubsection
4.1.1.
Remark 8.9. The canonical diagrams∏
q∈Sp B
Rq({fπ}π∈Π)
F
pf
←−−− UpM{fπ}π∈ΠP,r,F
pfy y∏
q∈Sp B
Rq({f′π}π∈Π)
F
pf
←−−− UpM{f
′
π}π∈Π
P,r,F
pf
are 2-cartesian, whenever fπ ⊂ f′π, so that UpM˜T,p is indeed indepen-
dend of the choice of fπ and our suppressing of P in the notation is in
accordance with the convention in remark 8.7. If S ≃ T, then UpM˜S,p
and UpM˜T,p are non-canonically isomorphic.
The 1-morphism
UpM˜T,p →
∏
q∈Sp
B(Gq, {υq,σ}σ∈Σ˜q)
is formally étale (cf. remark 6.12), and this property is shared by the
limit M˜T,p = limUp→1 UpM˜T,p. In addition the G(A∞,p)-equivariance of
the natural 1-morphism from M
{fπ}π∈Π
P,r to
∏
q∈Sp B
Rq({fπ}π∈Π) is inher-
ited by the displays P˜q with (Gq, {υq,σ}σ∈Σ˜q)-structure over theG(A∞,p)-
scheme M˜T,p.
8.3. Set-theoretic properties. In this subsection we study quasi-
isogenies: Let us write γ : Y ′ 99K Y for an element of Hom0(Y ′, Y ),
whenever Y and Y ′ are abelian schemes over some base S. The smallest
integer n such that γ ∈ 1
n
Hom(Y ′, Y ) is called the denominator of γ. If
Y and Y ′ are equipped with polarizations λ : Y → Yˇ and λ′ : Y ′ → Yˇ ′
we say that γ is a quasi-isogeny provided that the pull-back of λ along
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say nγ : Y ′ → Y agrees with λ′ up to a multiple. We say that γ is a
p′-quasi-isogeny if the denominators of γ and γ−1 are coprime to p. Let
γ : Y1 99K Y2 and γ
′ : Y ′1 99K Y
′
2 be quasi-isogenies over an algebraically
closed field k. We say that they possess a common generization if there
exists
• two k-valued points ξ and ξ′ on some irreducible normal k-
variety S,
• a quasi-isogeny γ′′ : Y ′′1 99K Y ′′2 over S
such that γ′′×S,ξk ∼= γ and γ′′×S,ξ′k ∼= γ′ holds (N.B.: The denominator
of γ′′ could be strictly larger than the smallest common multiple of the
denominators of γ and γ′).
If char(k) = p we write D(Y ) for the covariant Grothendieck-Messing
crystalline Dieudonné theory of an abelian variety Y over k, and we
let D0(Y ) be the (non-effective) F -isocrystal whose underlying K(k)-
space is Q⊗D(Y ), and whose Frobenius operatorK(k)⊗F,K(k)D0(Y )→
D0(Y ) is the inverse of D(FY/k), where FY/k : Y → Y ×k,F k; y 7→ yp
is the relative Frobenius. Suppose that k is an algebraically closed
extension of OR/r. Note that to any k-valued point ξ of K˜U one can
associate an isomorphism:
mπξ,e´t :
⊗
A∞,p⊗L
H e´t1 (Yi,ξ,A
∞,p)
∼=→ H e´t1 (Y πξ ,A∞,p)(
Card(π)− 1
2
),
and as a consequence of Deligne’s theory of absolute Hodge cycles,
[13] this assignment is functorial in k (Sketch: Once one chooses a C-
lift κ of ξ one obtains an OL-linear isomorphism between the Hodge
structures
⊗
OL H1(Yi,κ(C),Z) and H1(Y
π
κ (C),Z)(
Card(π)−1
2
) and Y πξ is
the reduction of Y πκ , see [5, section 4.4] for some more details). The
special fiber of (63) over ξ sets up a further canonical isomorphism:
mπξ,cris :
⊗
K(k)⊗L
D(Yi,ξ)
∼=→ D(Y πξ )(
Card(π)− 1
2
).
We need two more functoriality properties which are slightly less im-
mediate consequences of Deligne’s theory of absolute Hodge cycles:
Theorem 8.10. Let ξ and π be as above, then the involution preserving
algebra maps
opπξ,e´t :
⊗
A∞,p⊗L
EndA∞,p⊗L(H e´t1 (Yi,ξ,A
∞,p))→ EndA∞,p⊗L(H e´t1 (Y πξ ,A∞,p))
and
opπξ,cris :
⊗
K(k)⊗L
EndK(k)⊗L(D0(Yi,ξ))→ EndK(k)⊗L(D0(Y πξ ))
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that are defined by (. . . , fi, . . . ) 7→
⊗
i∈π fi with the help of the above
comparison isomorphisms, send
⊗
L End
0
L(Yi,ξ) into End
0
L(Y
π
ξ ), more-
over the two maps thus induced are equal.
Theorem 8.11. To any two points ξ1, ξ2 ∈ K˜U(k), and to every OΛL-
linear quasi-isogeny γ : Yξ1 99K Yξ2 there is a canonical quasi-isogeny
gπ(γ) : Y πξ1 99K Y
π
ξ2
, such that application of D0 and H e´t1 (. . . ,A
∞,p)
recovers the usual tensor-products (with coefficients in L).
Remark 8.12. None of the proofs for these two results are easy, however
their analogs in characteristic zero do follow directly from the definition
of Y π. In particular, one knows already that the theorem 8.11 holds
for p′-quasi-isogenies, because one can lift them.
Proof. We begin with the proof of theorem 8.10 by following [5, proof
of Proposition 5.1] very closely: In order to check the assertion for an
arbitrary family of endomorphisms fi ∈ Z(p) ⊗ EndL(Yi,ξ) it suffices
to restrict to the eigenspaces under ∗, i.e. f ∗i = (−1)cifi for some
ci ∈ {0, 1}. Now pick an auxiliary element with −d∗ = d ∈ OL\{0}
and observe that γi :=
1+pd1−cifi
1−pd1−cifi is a Z(p) ⊗OΛL-linear isogeny, as is its
inverse. According to the preceding remark we are allowed to use the
assertion for the family γi, by using appropriate lifts γ
′
i of γi between
two possibly different lifts Yi,κ1 and Yi,κ2 of Yi,ξ. We may deduce the
assertion for the family fi =
γi−1
pd1−ci (γi+1)
, and the proof of theorem 8.10
is complete.
Before we embark in the proof of theorem 8.11 we note that it holds at
least under the following two additional assumptions:
(i) ξ1 and ξ2 factor through K˜U basic and,
(ii) Yξ1[p
∞] ∼= Yξ2 [p∞] (as homogeneously p-principally polarized p-
divisible groups with OΛL-operation)
The reason being: If some family of isomorphisms ui : Yi,ξ1[p
∞]
∼=→
Yi,ξ2[p
∞] preserves the OL-actions together with the polarization, then
hi := u
−1
i ◦ γi[p∞] constitutes a Qp-valued point in the group scheme
Ii,ξ/Z(p) that represents the functor
AlgSpecZ(p) ∋ R 7→ {f ∈ R ⊗ EndL(Yi,ξ)|f ∗f ∈ R×},
simply because EndL(D
0(Yi,ξ)) = Zp⊗EndL(Yi,ξ) holds for all k-valued
points of K˜U basic as a mediate consequence of [50]. Whence it fol-
lows that there exist factorizations hi = vi ◦ βi with vi ∈ Ii,ξ(Zp) and
βi ∈ Ii,ξ(Q), as Ii,ξ(Zp) is open while Ii,ξ(Q) is dense in Ii,ξ(Qp). The
assertion follows by applying the said remark to the p′-quasi-isogenies
γi ◦ β−1i = ui ◦ vi and applying theorem 8.10 to βi ∈ End0L(Yi,ξ1).
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Our proof of the general case of theorem 8.11 does not follow [5, proof of
Theorem 4.10], instead we appeal to the two lemmas 8.13 and 8.14 be-
low, so that it only remains to check the special case of quasi-isogenies
satisfying (i) alone. We argue as follows: Methods of [55, page 321,
line 16- page 323, line 13] provide us with a k-valued point ξ0 with:
• ξ2 and ξ0 are lying in the same connected component of K˜U basic
and,
• Yξ1[p∞] ∼= Yξ0 [p∞] (as homogeneously p-principally polarized p-
divisible groups with OΛL-operation)
Pick a sequence of say n points ξ2, ξ3,...,ξn+1 = ξ0, such that the points
in each of the consecutive pairs {ξ2, ξ3},..., {ξn, ξn+1} factor through
common irreducible normal subvarieties say S2,...,Sn of K˜U basic. By in-
duction one obtains a sequence of n quasi-isogenies Yξ1 99K Yξ2, . . . , Yξn+1
of which each consecutive pair possesses a common OΛL-linear generiza-
tion (note that the abelian scheme Y is isotrivial over each of S2,...,Sn).
We know already that Yξ1 99K Yξ0 satisfies the theorem, so we get it for
Yξ1 99K Yξ2 from a n− 1-fold application of lemma 8.13. 
The following can be regarded as an analog of a special case of
Deligne’s principle B [13, Theorem 2.12]:
Lemma 8.13 (principle B). Let S be a irreducible normal algebraic
variety over OR/r, and let ξ1 and ξ2 be two morphisms from S to K˜U ,
and let γ : Yξ1 99K Yξ2 be a quasi-isogeny over S. If γ ×S,ξ k : Yξ1◦ξ 99K
Yξ2◦ξ satisfies the claim in theorem 8.11 for some geometric point ξ,
then it does so for all other ones.
Proof. From the Galois equivariance of the comparison isomorphisms
mπe´t and the theorem of Mori-Zarhin [37, Chapitre XII, Th. 2.5] we
obtain an adelic A∞,p⊗L-linear map γπe´t ∈ A∞,p⊗Hom0L(Y πξ1, Y πξ2), with
the desired properties. The lemma follows, as any ξ : Spec k → S
satisfies
Hom0L(Y
π
ξ1
, Y πξ2) = Hom
0
L(Y
π
ξ1◦ξ, Y
π
ξ2◦ξ) ∩ (A∞,p ⊗ Hom0L(Y πξ1 , Y πξ2)),
the intersection taking place in the group A∞,p ⊗ Hom0L(Y πξ1◦ξ, Y πξ2◦ξ).
Note that the compatibility of γ 7→ gπ(γ) with D0 follows from the
rigidity result [60, Proposition 40], as⊗˙
i∈πSi,q ×ξ1 S
⊗
i∈π gi(γ)[q
∞]−−−−−−−−−→ ⊗˙i∈πSi,q ×ξ2 S
mπξ1,q
y mπξ2,qy
Sπq ×ξ1 S
gπ(γ)[q∞]−−−−−→ Sπq ×ξ2 S
commutes only if and if any of its specialisations does that. 
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The following lemma is well-known:
Lemma 8.14. Let ξ1 and ξ2 be k-valued points of K˜U\K˜U basic and
consider a quasi-isogeny γ : Yξ1 99K Yξ2. Then there exists another
quasi-isogeny γ′ : Yξ′1 99K Yξ′2 enjoying the following properties:
• The Newton-polygon of Yξ′1 lies strictly above the Newton-polygon
of Yξ1
• γ and γ′ possess a common OΛL-linear generization.
Proof. The lemma 4.12 gives us some non-isotrivial deformation γ˜ :
Yξ˜1 99K Yξ˜2 over k[[t]]. The generic fiber of the triple (ξ˜1, ξ˜2, γ˜) is
certainly definable over some subfield N ⊂ k((t)) finitely generated
over, and containing k. Let S be the normalization of K˜U
2
k in N , we
will write (ξ′′1 , ξ
′′
2 , γ
′′) for the extension to S of our chosen model of
(ξ˜1, ξ˜2, γ˜) over N . Recall that the properness of K˜U is conveniently
implied by the overall assumptions on the Shimura datum (G˜, X˜), as
introduced in subsubsection 8.2.1. It follows that S is proper over k,
because it is finite over K˜U
2
k. From the construction of S it is clear, that
the Newton-polygons of Yξ1 and Yξ2 agree with the generic one. The
existence of some ξ′ ∈ S(k) with strictly larger Newton-polygon follows
from the well-known fact, due to Raynaud, that over a proper, normal
and irreducible basis the constancy of the Newton-polygon implies étale
locally the isotriviality of the abelian scheme. 
We fix a homogeneously polarized LΛ-abelian k-variety (Y, λ, ι) up
to Q-isogeny, say in the sense of [26, chapter 9], and we write Y [ei] for
its homogeneously polarized L-abelian factor corresponding to i ∈ Λ .
We will say that (Y, λ, ι) is of type V˜ if the homogeneously polarized
Q-isogeny class of Y contains at least one member for which
(K1) the polarization λ : Y → Yˇ is p-principal, and
(K2) the homomorphism LΛ → End0(Y ) is p-integral and satisfies
the determinant condition with respect to the skew-Hermitian
LΛ-module V˜ .
Verifying that ι be of type V˜ is certainly equivalent to finding a choice
of OΛL-invariant selfdual Dieudonné lattice in D0(Y ), with the correct
determinant condition. Furthermore, any choice of a full K˜p-level
structure η˜p completes this to a PEL-quadruple, say (Y, λ, ι, η˜) con-
stituting a k-valued point ξ ∈ K˜U . From now onwards we will write⊗˙
i∈πY [ei] to denote the homogeneously p-principally polarized Z(p)-
isogeny class of abelian k-varieties derived by discarding the level struc-
ture on the homogeneously p-principally polarized Z(p)-isogeny class of
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Y πξ , this is meaningful, since the formation of
⊗˙
i∈πY [ei] is indepen-
dent of the choice of η˜p. Notice that the canonical ∗-invariant action
ιπ : OL → Z(p) ⊗ End(
⊗˙
i∈πY [ei]) satisfies the determinant condition
with respect to the skew-Hermitian L-module V˜ π.
However, the theorem 8.11 tells us that theQ-isogeny class of
⊗˙
i∈πY [ei]
depends merely on the homogeneously polarized L-abelian Q-isogeny
class of the family {Y [ei]}i∈π, it has an action ιπ : L→ End0(
⊗˙
i∈πY [ei])
(of type V˜ π), and it is canonically homogeneously polarized too. These
observations give sense to the following definition:
Definition 8.15. Recall, that we have fixed a L-metaunitary Shimura
datum
T = (d+, {(Vi, ρi,Ψi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π)
for a Hodge datum with L+-coefficients (G1, h), and let k be an alge-
braically closed extension of Fpf : A homogeneously polarized Q-isogeny
class of LΛ-abelian k-varieties of type T is a quadruple (Y, λ, ι, {yπ}π∈Π),
where
(T1) (Y, λ, ι) is a homogeneously polarized Q-isogeny class of LΛ-
abelian k-varieties (Y, λ, ι) of type V˜ , and
(T2) yπ : Rπ → End0L(
⊗˙
i∈πY [ei]) is a homomorphism which com-
mutes with L and preserves ∗, for every π ∈ Π.
We fix such a quadruple y = (Y, λ, ι, {yπ}π∈Π). Let mi ∈ (A∞,p ⊗L+)×
be a preimage of li: A full level structure η is a L
Λ-linear similitude∑
i∈Λ
ηi = η :
⊕
i∈Λ
H(mi)⊗L Vi
∼=→ H e´t1 (Y,A∞,p),
such that the diagrams
A∞,p ⊗Q
⊗
i∈π EndL(Vi) ←−−− Rπ
⊗
i∈π ηi
y yπy
End(
⊗
i∈πH
e´t
1 (Y [ei],A
∞,p)(1−Card(π)
2
))
H e´t1←−−− End0L(
⊗˙
i∈πY [ei])
are commutative for all π ∈ Π. We write Iso(y) for the right G(K(k))-
set of LΛ-linear similitudes∑
i∈Λ
ζi = ζ : K(k)⊗Q V
∼=→ D0(Y ),
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such that the diagrams
K(k)⊗Q
⊗
i∈π EndL(Vi) ←−−− Rπ
⊗
i∈π ζi
y yπy
EndL(
⊗
i∈π D
0(Y [ei])(
1−Card(π)
2
))
D0←−−− End0L(
⊗˙
i∈πY [ei])
are commutative for every π ∈ Π. Note that Iso(y) has a canonical
action of the Frobenius, so that it is (empty or) an isocrystal with G-
structure. Recall our integral structure {Vi,p}i∈Λ for T amounting to
a reductive Zp-model Gp := (Gm,Zp ×Zp
∏
q∈Sp ResW (Fprq )/Zp G1q )/{±1}
and let us fix a Gp(W (k))-orbit ζ ⊂ Iso(y).
• The canonical isomorphism class of the BW (k),F (Gp)-object (please
see to definition 3.3) defined by the element:
F−1ζ−1 ◦ ζ =: by,ζ ∈ ObBW (k),F (Gp),
does not depend on the choice of the representative ζ ∈ ζ and
is called the crystalline realization of (y, ζ).
• We say that ζ is a µp-fake integral structure of y, if and only
if for some (hence for any) representative ζ ∈ ζ there exist
elements g1, g2 ∈ Gp(W (k)), such that the diagram
K(k)⊗Q V ̺(g1
Fµp(p)g2)−−−−−−−−→ K(k)⊗Q V
ζ
y 1K(k)⊗ζy
D0(Y )
V−−−→ K(k)⊗F,K(k) D0(Y )
commutes, where V is the Verschiebung (i.e. D0(FY )), or equiv-
alently if the essential image of hµp contains the crystalline real-
ization (its preimage being F
−1
g−11 g
−1
2 =: O ∈ ObBW (k),F (Gp,µp)).
We write Isoµp(y) = {ζ ∈ Iso(y)/G(W (k))|F (ζ ◦µp(p))∩ ζ 6= ∅}
for the set of all µp-fake integral structure on y.
We will frequently have to study the banal F -crystal (cf. subsection
6.2) with Gp-structureMby,ζ overW (k), provided that ζ ∈ ζ ∈ Isoµp(y).
Notice the specific quasi-isogeny
(68) Mby,ζ (̺)
F−1ζ
99K D(Y ×k,F−1 k),
preserving the F -actions, the LΛ-operations, and the canonical sesquilin-
ear perfect pairings up to a multiple in Qp. Our next aim is the study
of the set M˜T,p(k):
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Theorem 8.16. If T is normalised, then there is a G(A∞,p)-equivariant
bijection between the G(A∞,p)-set of sextuples (Y, λ, ι, {yπ}π∈Π, η, ζ) com-
prising of
• a µp-fake integral structure ζ on
• a homogeneously polarized Q-isogeny class of LΛ-abelian k-varieties
(Y, λ, ι, {yπ}π∈Π) of type T with
• a full level structure η,
and the G(A∞,p)-set M˜T,p(k). Moreover, the bijection is functorial in
k.
Proof. Let Mot(k) be the set of sextuples in question. Defining the
sought for bijection amounts to giving a 2-cartesian diagram∏
q∈Sp Bk(Gq, {υq,σ}σ∈Σ˜q)
∏
q∈Sp
P˜q←−−−−− Mot(k)
∏
q∈Sp
Flex
Tq({fπ}π∈Π)
k
y y∏
q∈Sp B
Rq({fπ}π∈Π)
F
pf
(k) ←−−− M{fπ}π∈ΠP,r (k)
.
Let (Y, λ, ι, {yπ}π∈Π, η, ζ) be an element ofMot(k). LetO ∈ ObBW (k),F (Gp,µp)
be a preimage under hµp for the crystalline realization of (Y, λ, ι, {yπ}π∈Π, ζ).
Let us write Oq for its canonical image in BW (k),F (ResW (Fprq )/Zp Gq, µqαq )
and let P˜q be the image of Oq under the functor Flexd
+
q , which was de-
scribed in (39). Subsequently, we obtain a k-valued point ofBRq({fπ}π∈Π),
namely
FlexTq({fπ}π∈Π)(P˜q) =: ({Si,q}i∈Λ, {sπ,q}π∈Π).
Observe that hˆυ˜i,q(Si,q) is canonically isogenous to hµq(Oq), in view
of one of the two results of subsubsection 4.1.5, namely lemma 4.5 or
corollary 4.7. Composition with (68) yields a specific L-linear isogeny
K(k)⊗F−1,W (k) Si,q → D0(Y [ei]×k,F−1 k),
which preserves the skew-Hermitian structure in case q∗ = q. This
sets up a canonical Z(p)-isogeny class in the Q-isogeny class (Y, λ, ι),
and thus a k-valued point of M
{fπ}π∈Π
P,r , by using the full level structure
η. This completes the definition of the aforementioned 2-commutative
diagram, and the 2-cartesianism thereof follows from the same property
of: ∏
q∈Sp Bk(Gq, {υq,σ}σ∈Σ˜q)
∏
q∈Sp
P˜q←−−−−− BW (k),F (Gp, µp)y y∏
q∈Sp Bk(Gm,W (Frq), {C}σ∈Z/rqZ) ←−−− BW (k),F (Gm,Zp , C)
.
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
Remark 8.17. On the one hand subsubsection 8.2.2 constructs our for-
mally smooth scheme UpM˜T,p in a very specific manner, on the other
hand a scheme enjoying the properties of theorem 8.16 is certainly not
unique, for example the reduced induced subscheme M˜T,p,red or its per-
fection would clearly work equally well (non-reduced formally smooth
algebras do exist, e.g. Fp[t1, t2, . . . ]/(t
p
1, t1 − tp2, . . . )). This raises a
plethora of questions: Can one prove that M˜T,p is of finite type, so
that it is smooth, and in case one cannot, could it still be reduced, and
in case it is not, is at least its reduction of finite type? We hope to
come back to this in another paper, for the time being we note that
in the special case of minuscule cocharacters µp we will indeed deduce
the smoothness of M˜T,p,red, from proposition 6.18.
In the non-minuscule case one might perhaps speculate on the exis-
tence of compactifications of our stacks B(Gq, {υq,σ}σ∈Σ˜q) so that one
can argue as in the proof of proposition 6.18. Astonishingly the same
phenomenon shows up in the minuscule but non-reductive (i.e. “ram-
ified”) situation: Again one would like to extend the method in the
proof of proposition 6.18 to a compactification.
Let y = (Y, ι, λ, {yπ}π∈Π) a homogeneously polarized Q-isogeny class
of LΛ-abelian k-varieties of type T. Let us write Iy for the Q-algebraic
group (Gm×ResL+/Q I1y )/{±1} where I1y represents the SpecL+-functor:
R 7→ {(. . . , fi, . . . ) ∈ R× ×
∏
i∈Λ
R⊗L+ End0L(Y [ei])×|
∀π ∈ Π :
⊗˙
i∈π
fi ∈ R⊗L+ End0Rπ(
⊗
i∈π
Y [ei])
×
∀i ∈ Λ : f ∗i fi = 1}
Notice that every choice of full level structure η as in definition 8.15 fur-
nishes I1y,A∞,p⊗L+ with a A
∞,p⊗L+-rational group homomorphism, say
iy,η, to G
1
A∞,p⊗L+ and that one has iy,η◦γp = Int
G1(γp/A∞,p⊗L+)−1◦ iy,η
for all γp ∈ G(A∞,p). Note also that Iy(Qp) acts on Iso(y) from the
left, in fact a "restriction to T"-argument shows more specifically that
every choice of ζ ∈ Iso(y) furnishes Iy,Qp with a Qp-rational group ho-
momorphism, say jy,ζ , to the twisted centralizer Jby,ζ in the sense of
(31), and any γp ∈ G(K(k)) satisfies jy,ζ◦γp = IntG(γp/K(k))−1 ◦ jy,ζ ,
here observe that Jby,ζ ,K(k) is a subgroup of GK(k). Quite interest-
ingly, the stabilizer Iy,ζ in Iy(Q) of some ζ ∈ Iso(y)/G(W (k)) is a
congruence subgroup therein, because it arises from intersecting with
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the p-adically bounded open group j−1y,ζ (Gp(W (k))) ⊂ Iy(K(k)), note
also, that Jby,ζ(Qp) = {h ∈ G(K(k))|h−1by,ζFh = by,ζ} is canoni-
cally isomorphic to the group of ⊗-automorphisms of the ⊗-functor
̺ 7→ Q ⊗Mby,ζ (̺) while Jby,ζ(Qp) ∩ Gp(W (k)) is canonically isomor-
phic to the automorphism group of the crystalline realization of (y, ζ)
(when regarded as BW (k),F (Gp)-object), and we denote this compact
open subgroup by Jy,ζ . We have Iy,ζ = Iy(Q)∩ j−1y,ζ (Jy,ζ) too. What we
found is:
Corollary 8.18. If ξ ∈ M˜T,p(k) correspond to (y, η, ζ) by means of
the bijection of theorem 8.16, then the group iy,η(Iy,ζ) agrees with the
stabilizer of ξ in G(A∞,p).
For any q ∈ Sp we write∑
i∈Λ
ζi,q = ζq : K(k)⊗ιq,L V
∼=→ D0(Y [q∞])[eιq],
for the restriction of some ζ ∈ Iso(y) to the ιq-eigenspace, and we write
jy,ζ,q : I
1
y,K(k) → G1q,K(k) for the restriction of the previously introduced
jy,ζ,K(k) to the ιq-eigenspace, i.e. the map induced by ζq.
Proposition 8.19. Let y = (Y, λ, ι, {yπ}π∈Π) be a homogeneously po-
larized Q-isogeny class of LΛ-abelian k-varieties of type T, and assume
that there exists at least one full level structure η.
(i) The image in the abelianization G1ab, of the restriction of iy,η,
to the neutral component I1◦y is L
+-rational and independent of
η (and thus gives rise to a canonical homomorphism iaby : I
1◦
y →
G1ab).
(ii) For each i ∈ Λ, the composition of the character χρi with iy,η
is L-rational and independent of η (and thus gives rise to a
canonical class function χi on I
1
y,L).
(iii) For any q ∈ Sp and ζ ∈ Iso(y) we have χρi ◦ jy,ζ,q = χi.
Proof. Parts (ii) and (iii) are folklore, cf. [14, chapter V]. Towards
proving (i) we let Z be the center of
∏
i∈ΛR{i}, and we let ω : G
1 →
ResZ/L+ Gm,Z be the homomorphism induced by the natural action of
G1 on the determinant detZ(V ) ∈ Pic(SpecZ) of V (as a Vec(SpecZ)-
object). It is easy to see that G1der is the neutral component of ker(ω),
so that it suffices to check (i) for the composition ω ◦ iy,ζ |I1◦y , which
follows again from the aforementioned methods (of Mumford). 
In short: The isotropy group of (y, η, ζ) (be it in the adelic prod-
uct
∏
ℓ 6=pG(Qℓ) or in any of its factors G(Qℓ)) acts faithfully on the
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crystalline realization of (y, ζ). In general, neither full level struc-
tures nor any ones of type (Gp, µp) may exist for a given quadruple
y = (Y, λ, ι, {yπ}π∈Π) satisfying both of (T1) and (T2), but one may
speculate whether the existence of η implies Iso(y) 6= ∅. We need an-
other concept:
Definition 8.20. Let y = (Y, λ, ι, {yπ}π∈Π) be a homogeneously polar-
ized Q-isogeny class of LΛ-abelian k-varieties of type T, and let ζ be
a µp-fake integral structure for it. We call (y, ζ) toric if there exists a
Qp-unramified maximal Q-torus T ⊂ Iy, an element b ∈ T (K(k)), and
a level structure ζ ∈ ζ, such that the following statements hold:
• By restriction to Iy,K(k), the map jy,ζ induces a Qp-rational ho-
momorphism from TQp to a maximal torus of GQp which maps
the maximal compact subgroup of T (Qp) into Gp(Zp).
• jy,ζ(b) = by,ζ
We call (y, ζ) elliptic if the above Qp-unramified Q-torus can be chosen
to be Qp-elliptic.
Remark 8.21. When working with one elliptic element (y, ζ) at a time,
it is harmless and convenient to assume in addition that µp factors
through the map jy,ζ |Tp from the unique reductive Zp-model Tp of
TQp to Gp, and that the essential image of hµp : BW (k),F (Tp, µp) →
BW (k),F (Tp) contains the object b. This is due to subsubsection 3.3.2.
8.4. Existence of elliptic points. Let K be a finite Galois extension
of Q, and let A be a finitely generated torsionfree abelian group with a
left Gal(K/Q)-action. Recall the global Tate-Nakayama isomorphism:
Hˆ−1(Gal(K/Q), A)→ H1(Gal(K/Q), A⊗ CK),
where CK is the idéle group of K. Now, let r be a place of Q, and
let v|r be a place of K. Then we also have a local Tate-Nakayama
isomorphism:
Hˆ−1(Gal(Kv/Qr), A)→ H1(Gal(Kv/Qr), A⊗K×v ),
and in either case one easily computes the left hand side Tate cohomol-
ogy groups as the torsion subgroups of the groups of Galois coinvariants
of A, because A is torsionfree. In order to describe the relation between
the global and local isomorphisms we must choose one single place of
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K over each of the places of Q, and we write S for the set of places ob-
tained in that manner: Then there is a natural commutative diagram:⊕
v∈S(AGal(Kv/Qr))tors
TN−−−→ ⊕v∈S H1(Gal(Kv/Qr), A⊗K×v )y y
(AGal(K/Q))tors
TN−−−→ H1(Gal(K/Q), A⊗ CK)
,
where the vertical arrow on the left is defined by the summation over
S, while the v-component of the vertical arrow on the right is defined
by the Shapiro isomorphism between H1(Gal(Kv/Qr), A ⊗ K×v ) and
H1(Gal(K/Q), A ⊗ (K ⊗ Qr)×), followed by a map induced from the
inclusions (K ⊗ Qr)× ⊂ CK . Furthermore the long exact cohomology
sequence to
1→ A⊗K× → A⊗ (K ⊗ A)× → A⊗ CK → 1,
implies that every element in the kernel of the left hand-side vertical
arrow maps to an element coming fromH1(Gal(K/Q), A⊗K×). We are
going to use this in the following way: Fix a finite prime p, and suppose
µ ∈ A is a cocharacter for which NKv/Qp(µ) and NKv/R(µ) are both
trivial (where v indicates the divisor in S of p or∞). Now consider the
element µ ∈ ⊕v∈S(AGal(Kv/Qr))tors of which the v-component is given
by:
µv =


[µ]∞ v|∞
−[µ]p v|p
0 otherwise
,
where [µ]r denotes the class of µ in the group of coinvariants (AGal(Kv/Qr))tors.
Let us say that some c ∈ H1(Gal(K/Q), A⊗K×) is a Tate-Nakayama
class for µ if the product of the local Tate-Nakayama isomorphisms
send µ to the image of c in
⊕
v∈S H
1(Gal(Kv/Qr), A ⊗K×v ). Finally,
let us point out two consequences from Galois descent: First giving a
Gal(K/Q)-module A is equivalent to giving a Q-torus T splitting over
K, second H1(Gal(K/Q), A ⊗ K×) classifies isomorphism classes of
principal homogeneous spaces for T over SpecQ becoming trivial over
SpecK. More specifically, when fixing a K-valued point η on some
P ∈ Tors(T )(Q), then dη(s) = η−1sη is a derivation on Gal(K/Q) with
coefficients in T (K) = A⊗K×, and vice versa.
We say that P ∈ Tors(T )(Q) is a principal homogeneous space of type
µ if its cohomology class with respect to some choice of K is a Tate-
Nakayama class for µ. We are now going to describe a certain class of
tori which satisfy the Hasse-principle:
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Definition 8.22. Let L be a quadratic extension of a number field L+,
and let H be a commutative semisimple L-algebra equipped with an
involution that preserves L and restricts to the non-trivial element of
Gal(L/L+) on L. We will say that H is locally odd over L, provided
that for every inert place r of L the localization H ⊗L Lr possesses at
least one ∗-invariant simple factor H ′ of odd degree over Lr.
If H is a semisimple involutive Q-algebra of finite degree, then we
write H1/Q for the algebraic group whose group of K-valued points
are given by {γ ∈ H ⊗K|γγ∗ = 1}:
Exercise 1. Let H be commutative and not locally odd over L. Then
x(H1/L1) is trivial.
8.4.1. Isocrystals of CM-type. In this subsubsection we retain the nota-
tion of subsection 3.7. Let us introduce F -isocrystals in the generality
we need: A F -isocrystal is a pair (M,F ) whereM ∈ Vec(SpecK(Facp )),
and F : M → M is an additive bijection with F (ax) = F (a)F (x) for
a ∈ K(Facp ) and x ∈ M . The class of F -isocrystals forms a Qp-linear
tannakian category which we denote by Isoc. It possesses a natural
K(Facp )-valued fiber functor ω
K(Facp ) : Isoc → Vec(SpecK(Facp )); (M,F ) 7→
M , and the theory of slopes implies that the proalgebraic automor-
phism group of ωK(F
ac
p ) coincides with the group D that we already
introduced subsection 3.7. Notice the fully faithful ⊗-functor:
(69) Vec(SpecQp)→ Isoc;V 7→ K(Facp )⊗Qp V
of which the essential image consists of the F -isocrystals of slope 0.
As a consequence of Steinberg’s theorem Rapoport and Richartz iden-
tify B(G) with the set of isomorphism classes of F -isocrystal with G-
structure, i.e. faithful exact Qp-linear ⊗-functors from the representa-
tion category Rep0(G) to Isoc (cf. [45, definition 3.3/remark 3.4(i)]).
In particular the twisted fiber functor ωP of any locally trivial principal
homogeneous space P under G over Qp determines an element of B(G),
moreover there is a commutative diagram (cf. [45, Theorem 1.15]):
π1(G)Gal(Qacp /Qp)
γG←−−− B(G)x x
(π1(G)Gal(Qacp /Qp))tors −−−→ H1(Gal(Qacp /Qp), G(Qacp ))
(here we think of H1(Gal(Qacp /Qp), G(Q
ac
p )) as the set of isomorphism
classes of the groupoid Tors(G)(Q)). We only use this result in the
special case of a Qp-torus T , in which case the above algebraic funda-
mental group π1(T ) is simply the group of cocharacters while the lower
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horizontal arrow is simply the local Tate-Nakayama isomorphism, fur-
thermore: In the toric case the map γT : B(T )→ X∗(T )Gal(Qacp /Qp) is a
bijection.
8.4.2. Endomorphism algebras of mod p reductions. Let H be a CM-
algebra acting faithfully on an isogeny class of complex abelian [H:Q]
2
-
folds, and let λ : Y → Yˇ be a polarization whose Rosati involution
stabilizes H . One associates a canonical cocharacter µ ∈ X∗((Gm ×
H1)/{±1}) to this situation. Let us write ν for the projection of µ onto
the space of Gal(Qacp /Qp)-invariants of Q⊗X∗((Gm×H1)/{±1}). We
are interested in the mod p-reduction of Y together with these addi-
tional structures, and for that purpose we fix an embedding K(Facp ) →֒
C. It is known that Y possesses good models over sufficiently large rings
of algebraic integers, and hence its reduction Y /Facp is a well-defined
isogeny class of abelian [H:Q]
2
-folds over Facp . As End
0(Y ) ⊂ End0(Y ),
the reduction is of CM-type as well, and it canonically inherits a po-
larization λ : Y → Yˇ too. Furthermore, the choice of embedding gives
birth to a specialization map:
spY : H1(Y (C),A
∞,p)→ H e´t1 (Y ,A∞,p),
where Y (C) denotes the underlying real Lie-group of a complex abelian
variety Y .
From now on we assume that there exists a CM-field L ⊂ H , such that:
(i) ν is contained in Q⊗X∗((Gm × L1)/{±1}), and
(ii) H is not locally odd over L, in the sense of definition 8.22.
The central theme of this paragraph is the study of the involutive ∗-
algebra End0L(Y ), under the two assumptions above. Let µ
′ be the
image of µ in the quotient H1/L1. To prepare the setting of the result
we need to fix more choices:
• Let P ∈ Tors(H1/L1)(Q) be of type µ′.
• Let M : Rep0((Gm×H1)/{±1})→ Isoc be a F -isocrystal with
(Gm × H1)/{±1}-structure whose invariant γ(M) agrees with
µ−1 as an element of X∗((Gm ×H1)/{±1})Gal(Qacp /Qp).
• Let σp : M |Rep0(H1/L1) → K(Facp )⊗ωP be aQp-linear⊗-isomorphism,
where the target on the right is the functor defined by compos-
ing Qp ⊗ ωP with (69).
The existence of σp is due to the assumption (i). Our Hasse-principle
for the Q-torus H1/L1 implies the uniqueness of the isomorphism class
of P .
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Remark 8.23. Observe that any two choices of σp differ by an element in
the group H1/L1(Qp). Since H
1/L1 is a Qp-unramified Q-torus it satis-
fies weak approximation for the prime p. In particular every Qp-rational
element of H1/L1 is the product of a Q-rational element of H1/L1
and an element in the image of the map ((Gm × H1)/{±1})(Qp) →
H1/L1(Qp). Since ((Gm × H1)/{±1})(Qp) and H1/L1(Q) are the re-
spective ⊗-automorphism groups ofM and ωP , it follows that the triple
(P,M, σp) is still unique up to a non-unique automorphism (being an
element in the inverse image of H1/L1(Q) in ((Gm×H1)/{±1})(Qp)).
Lemma 8.24. Let L ⊂ H ⊂ End0(Y ) satisfy the above properties (i)
and (ii), where Y is an isogeny class of complex abelian [H:Q]
2
-folds,
equipped with a polarization λ, and let (P,M, σp) be as above. Then
there exists a triple of isomorphisms:
η(0) : ωP (End
0
L(Y (C)))→ End0L(Y )
η(1) : M(H1(Y (C),Q))→ D0(Y )
η(2) : M(Q(1))→ Qp(1)
such that the following properties are fullfilled:
(i) The map η(1) preserves the H-action, and the diagram
D0(Y )⊗ D0(Y ) −−−→ Qp(1)
η(1)⊗η(1)
x η(2)x
M(H1(Y (C),Q))⊗M(H1(Y (C),Q))) −−−→ M(Q(1))
is commutative, where the horizontal arrows are the Weil-pairings.
(ii) The diagram
ωP (End
0
L(Y (C)))
η(0)−−−→ End0L(Y )x x
H −−−→ End0L(Y )
is commutative, and η(0) preserves ∗.
(iii) The diagram
End0L(Y )⊗ D0(Y ) −−−→ D0(Y )
η(0)⊗η(1)
x η(1)x
ωP (End
0
L(Y (C)))⊗M(H1(Y (C),Q)) −−−→ M(H1(Y (C),Q))
is commutative, where the lower horizontal arrow is defined by
using the canonical isomorphism K(Facp )⊗ ωP (End0L(Y (C))) ∼=
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M(End0L(Y (C))) arising from the evaluation of σp on the Rep0(H
1/L1)-
object End0L(Y (C)).
Proof. The existence of a pair (η(1), η(2)) with property (i) follows read-
ily from the result [46, Satz(1.6)], which describes D0(Y ) as an element
of B((Gm ×H1)/{±1}). The remark 8.23 tells us how to adjust such
a pair (η(1), η(2)) to an isomorphism η(0) satisfying property (ii) alone,
in order to achieve all three properties (i), (ii) and (iii). It remains
to demonstrate the existence of η(0): Let us denote End0L(Y (C)) by A˜
and ωP (A˜) by A. Notice that A is an involutive L-algebra in a nat-
ural way, because ωP is a ⊗-functor, and both the involution and the
L-algebra structure of A˜ can be expressed by certain morphisms in
Rep0(H
1/L1) between A˜ and its tensor powers, moreover H = ωP (H)
is naturally contained in A, and it is preserved under ∗. Let K be a
Q-algebra. In the category of K-algebras with K-linear involution we
want to consider the set C(K) of commutative diagrams:
R⊗ A ∼=−−−→ R⊗ End0L(Y )x x
R⊗H −−−→ R⊗ End0L(Y )
where all arrows, except the upper horizontal one, are the canonical
ones. Notice that the natural H1/L1-action on A fixes H elementwise,
and hence it is clear that C is a formal principal homogeneous space,
and H1/L1 satisfies the Hasse principle. The set of p-adic points on C
are the diagrams:
Qp ⊗ A
∼=−−−→ EndL(D0(Y ))x x
Qp ⊗H −−−→ Qp ⊗ End0L(Y )
,
where we have used the Tate-conjecture to rewrite the upper right
entry. From the existence of (η(1), η(2)) we can now deduce P (Qp) 6=
∅. If we use the ℓ-adic Tate-conjectures, we easily get points for the
completions at all other finite primes. The triviality of C follows once
∗ acts positively on R⊗A. At the infinite place the result of the inner
twist by our Tate-Nakayama class is simply the endomorphism ring
of H1(Y (C),R), together with the involution that accommpanies the
positive definite pairing given by ψ(h(
√−1)x, y). 
Remark 8.25. The choice of η(0) can be regarded as a choice of iso-
morphism from P to the locally trivial principal homogeneous space
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for H1/L1, of which the K-valued points are given by the following
diagrams of K-linear ∗-preserving maps:
K ⊗ End0L(Y (C))
∼=−−−→ K ⊗ End0L(Y )x x
K ⊗H −−−→ K ⊗ End0L(Y )
.
By transport of structure, this yields a canonical A∞,p-valued element
σ∞,p of P , in view of A∞,p ⊗ End0L(Y (C)) ∼= A∞,p ⊗ End0L(Y ). Stated
differently, we have a diagram:
End0L(Y )⊗H1(Y ,A∞,p) −−−→ H1(Y ,A∞,p)
η(0)⊗spY
x spYx
ωP (End
0
L(Y (C)))⊗H1(Y (C),A∞,p) −−−→ H1(Y (C),A∞,p)
,
where the lower horizontal arrow is defined by using the canonical iso-
morphism A∞,p⊗ωP (End0L(Y (C))) ∼= A∞,p⊗End0L(Y (C)) arising from
the trivialization σ∞,p ∈ P (A∞,p).
8.4.3. Enriched poly-unitary Shimura data. Assume that (G1, h) is a
Hodge datum and that h factors through aQp&R-elliptic, Qp-unramified
maximal Q-torus of the form
S
h→ T = (Gm × ResL+/Q T 1)/{±1} ⊂ G.
We fix an embedding ιp : K(F
ac
p ) → C, and we let ν ∈ Q ⊗ X∗(ZG)
be the projection of the cocharacter µh ∈ X∗(T ) onto the space of
Gal(Qacp /Qp)-invariants of Q⊗X∗(T ) (N.B.: TQp/ZGQp contains no copy
of Gm,Qp). Let µ
′ be the image of µh in X∗(T/Z
G). Eventually, we want
to make the following choices:
(i) Let P ∈ Tors(T/ZG)(Q) be of type µ′.
(ii) Let M : Rep0(T ) → Isoc be the F -isocrystal whose invariant
γT (M) agrees with µ
−1 as an element of X∗(T )Gal(Qacp /Qp).
(iii) Let σp : M |Rep0(T/ZG) → K(Facp )⊗ωP be aQp-linear⊗-isomorphism.
The existence of P is due to the above assumptions on T . We have to
introduce the important Q-group I := P ×T/ZG G. The isomorphism
σp induces a further I(Qp) ∼= Aut⊗(M |Rep0(G)) one.
Let us come back to a normalised, L-metaunitary Shimura datum,
T = (d+, {(Vi,Ψi, ρi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π)
for (G1, h). By a T -enrichment we mean further choices of maximal
commutative ∗-invariant L-algebras Hi in each EndL(Vi) such that:
• The image of T under ̺i is contained in (Gm ×H1i )/{±1}.
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• No Hi is locally odd over L, in the sense of definition 8.22.
• Each Hi is unramified at p.
At the presence of a T -enrichment we show that (i),(ii) and (iii) lead
to a (homogeneously) polarized Q-isogeny class of abelian LΛ-varieties
of type T. In fact we will be able to describe its Q group of self-
isogenies, the isogeny class of its crystalline realization, and the canon-
ical action of the former on the latter. From now on we fix {Hi}i∈Λ
satisfying (i), (ii) and (iii), we let R ⊂ C be the splitting field of the
CM-algebra H =
⊕
i∈ΛHi, so that the set of ring homomorphisms
Han =
⋃˙
i∈ΛHom(Hi,C) carries a natural left Gal(R/Q)-action. We
write ϑ ∈ Gal(R/Q) for the restriction of the absolute Frobenius on
K(Facp ) to R, notice ϑ = ϑ|R. Finally, let d
+
(resp. ji) denote the
composition of the function d+ (resp. ji) with the natural from Han
(resp. Hi,an) to Lan.
Writing the L-valued skew-Hermitian pairing on Vi in the usual form
Ψi = trHi/LΨ
′
i gives rise to skew-Hermitian Hi-modules (Vi,Ψ
′
i) and
thus to Hi-unitary representations ρ
′
i : T
1
H+i
→ U(Vi/Hi,Ψ′i), and it is
easy to see that (Vi,Ψ
′
i, ρ
′
i, ji) is a normalised ϑ-gauged Hi-unitary rep-
resentation (in the sense of remark 8.4). Thus, we are allowed to apply
the lemma 8.2 to the skew-Hermitian Hodge Hi-modules (Vi,Ψ
′
i, ̺i,R ◦
h), the outcome being some family of skew-Hermitian Hodge struc-
tures (V˜i, Ψ˜
′
i, h˜i), again with coefficients in Hi. For each i we fix a
complex abelian variety Yi/C with polarization λi and Rosati-invariant
Hi-action ιi, such that H1(Yi(C),Q) is isometric to (V˜i, trHi/Q Ψ˜
′
i, h˜i).
Let υ˜i ∈ X∗((Gm × H1)/{±1}) be the associated cocharacters, as
in subsubsection 8.4.2. Let Qi be the Tors(H
1
i /L
1)(Q)-object with
ωQi(EndL(Vi)) = EndL(V˜i), and notice that:
(70) ObTors(H1i /L1)(Q) ∋ P˜i := HomT/ZG(Qi, P )
is of type υ˜′i ∈ X∗(H1i /L1). Consider compatible isomorphisms,
η˜
(0)
i : ωP˜i(EndL(V˜i))
∼=→ End0L(Y i)
η˜
(1)
i :M(V˜i)
∼=→ D0(Y i)
η(2) :M(Q(1))→ K(Facp )(1)
of which the existence is granted by applying lemma 8.24 to the orthog-
onal direct sum of the (Yi, λi, ιi)’s, which we will denote by (Y, λ, ι).
We proceed by writing η
(0)
i for the composition of η˜
(0)
i with the canon-
ical isomorphism from ωP (EndL(Vi)) to ωP˜i(EndL(V˜i)) while letting
η
(1)
i be the composition of η˜
(1)
i with M(εi,p), where εi,p : Qp ⊗ Vi →
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Qp ⊗ V˜i is an arbitrary Qp ⊗ Hi-linear isometry. Choose a trivializa-
tion σ∞,p ∈ P (A∞,p), and recall that the choice of η˜(0)i induces fur-
ther trivializations σ˜∞,pi ∈ P˜i(A∞,p), as discussed in remark 8.25. Let
ς∞,pi : A
∞,p⊗EndL(Vi)→ A∞,p⊗End(V˜i) be the unique trivialization of
Qi,A∞,p coming from σ
∞,p and the formula (70) together with the above
canonical trivialization σ˜∞,pi . Furthermore choose a L-linear similarity
ε∞,pi : A
∞,p⊗ Vi → A∞,p⊗ V˜i inducing ς∞,pi , and let ni ∈ (A∞,p⊗L+)×
be the multiplier of ε∞,pi , and let us put
S := (d+, {(Vi,Ψi, ρi, ji, ni)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π).
In view of the theorem 8.10 it is now clear that one obtains a (homo-
geneously) polarized Q-isogeny class of LΛ-abelian Facp -varieties of type
S from (Y , λ, ι) if one puts
yπ := (
⊗
i∈π
η
(0)
i ) ◦ ωP (ιπ),
and that ε∞,pi is a full level structure for it.
Theorem 8.26. Let T = (d+, {(Vi,Ψi, ρi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π)
be a normalised, L-metaunitary Shimura datum for a Hodge datum
(G1, h) (and the prime r | p) with T -enrichment {Hi}i∈Λ, and let
(P,M, σp) be a triple as above. Then there exists a fully levelled and
homogeneously polarized Q-isogeny class of LΛ-abelian Facp -varieties
(Y , λ, ι, {yπ}π∈Π, ε∞,p)
of type S ≈ T with the following properties:
• There exists an isomorphism ζ (0) from the twisted Q-group I to
the group of self-isogenies IY ,λ,ι,{yπ}π∈Π
• There exists a LΛ-linear similitude of isocrystals with LΛ-operation:∑
i∈Λ
ζ
(1)
i = ζ
(1) : M(V )
∼=→ D0(Y ),
such that
EndL(M(V
π)) ←−−− Rπ
⊗
i∈π ζ
(1)
i
y yπy
EndL(
⊗
i∈π D
0(Y [ei])(
1−Card(π)
2
))
D0←−−− End0L(
⊗˙
i∈πY [ei])
is commutative for every π ∈ Π.
• ζ (1) carries the canonical I-action on M , which results from σp,
to the I-action on (Y , λ, ι, {yπ}π∈Π) that results from ζ (0).
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Assume in addition, that T is unramified, and that there exists a choice
of integral structure Vi,p, such that the corresponding hyperspecial group
U1p contains a hyperspecial subgroup of T
1(Qp ⊗ L+), and let us write
Tp ⊂ Gp for the reductive model of T that results from it. Then the
Gp(W (F
ac
p ))-orbit ζ of ζ
(1) is a µh-fake integral structure on (Y , λ, ι, {yπ}π∈Π),
thus making
ξ = (Y , λ, ι, {yπ}π∈Π, ε∞,p, ζ)
into a Facp -valued elliptic point of M˜S,p (cf. definition 8.20). The
unique preimage of M (under the functor h0µh from BW (Facp ),F (Tp, µh)
to BK(Facp ),F (Tp) of definition 3.3) maps to the crystalline realization of
(Y , λ, ι, {yπ}π∈Π, ζ) (under the forgetful functor from BW (Facp ),F (Tp, µh)
to BW (Facp ),F (Gp, µh)).
8.5. Construction of UpMT,p. In this subsection we assume that
(G1, h) is a Shimura datum with coefficients in L+, so that the quotient
of G1(R⊗ L+) by the centralizer of h is a bounded symmetric domain
X+. This has several consequences:
• Proposition 6.18 implies, that the reduced induced subscheme
structure on UpM˜T,p is finite over UpM
{fπ}π∈Π
P,r , in particular the
product of the line bundles (65) remains ample, when pulled
back to UpM˜T,p.
• For every closed point x ∈ UpM˜T,p the complete local ring
Oˆ
UpM˜T,p,x
prorepresents the universal equicharacteristic defor-
mation of the fiber of
∏
q∈Sp P˜q over x, according to remark
6.19. In particular UpM˜T,p,red is smooth over Fpf (N.B.: UpM˜T,p
might be non-noetherian).
• (Gq, {µq,σ}σ∈Z/rqZ) is automatically a Φ-datum, so that B(Gq, {µq,σ}σ∈Z/rqZ)
is a lift of B(Gq, {µq,σαq,σ }σ∈Σq).
Part (iii) of theorem 5.7 yields the 2-commutative diagram:
∏
q∈Sp B(Gq, {µq,σαq,σ }σ∈Σq)
∏
q∈Sp
Pq←−−−−− UpMT,p
∏
q∈Sp
Flexd
+
q
y y
∏
q∈Sp B(Gq, {υq,σ}σ∈Σ˜q)
∏
q∈Sp
P˜q←−−−−− UpM˜T,p,red
,
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which becomes 2-cartesian upon evaluation on algebraically closed fields,
as does the diagram:
B(Gp, µp) P←−−− UpMT,py y∏
q∈Sp B
Rq({fπ}π∈Π)
F
pf
←−−− UpM{fπ}π∈ΠP,r,F
pf
,
which is obtained from the canonical morphism UpM
{fπ}π∈Π
P,r,F
pf
→ B(Gm,Zp , C)
together with the 2-cartesianism of:∏
q∈Sp B(Gq, {µq,σαq,σ }σ∈Σq) ←−−− B(Gp, µp)y y∏
q∈Sp B(Gm,W (Frq), {C}σ∈Z/rqZ) ←−−− B(Gm,Zp , C)
.
In view of corollary 7.6 to describe a lift of UpMT,p going with it, all
we have to do is define certain characters: χi,q,σ : Iµq,σ0 → Gm,W (Fpf ) for
i ∈ Λ, q ∈ Sp, and σ ∈ [0, rq − 1], such that ωq0(Pq)(χi,q,σ) agrees with
the line bundle Li,q,σ, which is given by the formula (65). We let χi,q,σ
be the Iµq,σ0 -character defined by
∏
l∈Z χµq,σ(l,
F−σρi,q)
di,q,σ,l where
di,q,σ,l := −
∑
dq(ω)=σ,ji,q(ω)<l
pd
+
q (ω).
At last we apply the said corollary to the Iµp0 -character defined by
∏
i∈Λ
∏
q∈Sp
rq−1∏
σ=0
χi,q,σ = χ : Iµp0 → Gm,W (Fpf ),
and we are done because of the subsubsection 4.1.2, here notice, that
we have a canonical inclusion
Iµp0 →֒
∏
q∈Sp
rq−1∏
σ=0
Iµq,σ0 .
Observe the 2-commutativity of the diagram:
B(Gp, µp) P
(ν)←−−− UpM(ν)T,py y∏
q∈Sp B
Rq({fπ}π∈Π)
F
pf
←−−− UpM{fπ}π∈ΠP,r,F
pf
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For each ν there is a canonical display with (Gp, µp)-structure over
UpM(ν)T,p, of which UpF (ν)T,p ∈ Tors(Iµp0 )(UpM(ν)T,p) is the level-0 trunca-
tion. An analogous truncation of Witt-connections yields canonical
elements
∇(ν)T,p ∈ ConnWν(Fpf )(UpF
(ν)
T,p ×I
µp
0 Gp/UpM(ν)T,p),
whose curvatures vanish. Let (UpFT,p,∇T,p) be the limit of the projec-
tive system (UpF (ν)T,p,∇(ν)T,p) as ν →∞. In all of this the omission of level
structures indicates passage to the limit, i.e. MT,p := limUp→1 UpMT,p,
note that FT,p is a G(A∞,p)-equivariant locally trivial principal homo-
geneous space for Iµp0 over MT,p and G(A∞,p) fixes ∇T,p.
Remark 8.27. Notice that the W (Fpf )-schemes UpMT,p are smooth of
relative dimension equal to dimX+. It would be interesting to know
whether
ω
UpMT,p/W (Fpf ) = Ω
dimX+
UpMT,p/W (Fpf )
is an ample line bundle.
8.5.1. Automorphisms of lifts. Recall that
T = (d+, {(Vi, ρi,Ψi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π)
is a L-metaunitary Shimura datum for our Shimura datum with L+-
coefficients (G1, h). Throughout this and the next subsubsection we
fix a complete discretely valued K(Fpf )-extension N with algebraically
closed residue field l.
Definition 8.28. Let y = (Y, λ, ι, {yπ}π∈Π) be a homogeneously polar-
ized Q-isogeny class of LΛ-abelian l-varieties of type T. By a µp-fake
ON -lift of y we mean a pair (P, ǫ) where P is a display with (Gp, µp)-
structure over ON , and ǫ is an isomorphism from h0µp(Pl) to the isocrys-
tal with G-structure Iso(y). By a µp-fake N-motive with Gp-structure
we mean a sextuple y˜ = (Y, λ, ι, {yπ}π∈Π,P, ǫ) with these properties.
A µp-fake lift determines a µp-fake integral structure ζ, moreover it
is convenient to choose a base point ζ ∈ ζ such that one has g1 = 1
i.e. F by,ζ = O
Fµp(
1
p
) in definition 8.15. Notice that BW (l),F (Gp, µp)
and Bl(Gp, µp) are absolutely the same thing, and that every dis-
play P as above is automatically banal, and since BˆW (ON ),I(ON )(Gp, µp)
and BON (Gp, µp) are absolutely the same thing too, the above can be
rephrased in more banal language: Look at pairs (U, ζ) ∈ Gp(W (ON))×
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Iso(y) rendering the diagram
K(k)⊗ V ̺(O
Fµp(
1
p
))◦(F⊗idV )←−−−−−−−−−−−− K(k)⊗ V
ζ
y ζy
D0(Y )
F←−−− D0(Y )
commutative, where O ∈ Gp(W (l)) is the mod mN -reduction of U ,
and look at the equivalence relation (U ′, ζ ′) ∼ (U, ζ) defined by the
conditions
U ′ = k−1UΦµp(k)(71)
ζ ′ = ζ ◦ ̺(k0)(72)
where k is an element of Iµp(ON ) and k0 is its mod mN -reduction.
Then a µp-fake lift is an equivalence class of such pairs (U, ζ). We asso-
ciated groups Iy over Q and ΓˆU ⊂ JF by,ζ over Qp and homomorphisms
jy,ζ : Iy,Qp → Jby,ζ (and jU : ΓˆU,N → Iµp0,N ) to y, ζ and U . Let us define
Ky,U,ζ to be the largest Q-algebraic subgroup of Iy which is contained
in j−1y,ζ (Int
G(by,ζ/K(l))(ΓˆU)) (N.B. Int
G(by,ζ/K(l)) is the canonical iso-
morphism from JF by,ζ to Jby,ζ). We define the semilocal congruence
subgroup Ky,U,ζ ⊂ Ky,U,ζ(Q) to be the inverse image of G(W (ON)) un-
der IntG(b−1y,ζ/K(l)) ◦ jy,ζ . Finally notice that Ky,U,ζ is anisotropic over
R, as I1y is totally compact.
Remark 8.29. Let us assume that T is normalised. An easy mod-
ification of theorem 8.16 yields a G(A∞,p)-equivariant bijection be-
tween the G(A∞,p)-sets of µp-fake N -motives with Gp-structure and
the N -valued points of MT,p (i.e. MT,p(ON)). By the same to-
ken the Iµp0 (ON) × G(A∞,p)-set FT,p(ON ) classifies data comprising
of a fully levelled, homogeneously polarized Q-isogeny classes of LΛ-
abelian l-varieties (y, η) of type T together with a ∼-class of pairs
(U, ζ) ∈ Gp(W (ON))×Iso(y) with respect to the slightly smaller equiv-
alence relation that (U ′, ζ ′) ∼ (U, ζ) if (71) and (72) hold for some
k ∈ Gp(I(ON )). These bijections are functorial in N . At last, a
straightforward modification of corollary 8.18 shows, that the group
homomorphism IntG(b−1y,ζ/K(l)) ◦ jy,ζ × iy,η maps Ky,U,ζ onto the stabi-
lizer in Iµp0 (ON)×G(A∞,p) of the element κ ∈ FT,p(ON ) corresponding
to the data (Y, λ, ι, {yπ}π∈Π, η, U, ζ) by means of the said bijection.
8.5.2. Canonical lifts. Typical examples of µp-fake lifts arise in the fol-
lowing way: Assume that (y, ζ) is toric with respect to some T ⊂ Iy
and b ∈ T (K(Facp )), and that ζ ∈ ζ is chosen according to definition
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8.20. We take the convention in remark 8.21 for granted and fix a
BW (Facp ),F (Tp)-isomorphism from hµp(1Tp) to b (N.B.: all BFacp (Tp, µp)-
objects are represented by the neutral element 1Tp). Applying jy,ζ
to it gives us the sought for isomorphism ǫ from PFacp to the crys-
talline realization of (y, ζ), where P is the banal W (Fpf )-display with
(Tp, µp)-structure over SpecW (Fpf ) represented by the neutral element
1Tp (N.B.: The mod p-reduction BW (Facp )(Tp, µp)→ BFacp (Tp, µp) is an
equivalence of categories). The significance of this example is a very
geometric one: Let η be a full level structure for y, so that we obtain
points (y, η, ζ) = ξ ∈ MT,p(Facp ) and (y, η,P, ǫ) = κ ∈ MT,p(Zshp ),
where Zshp denotes the subring
⋃∞
s=1W (Fps) of W (F
ac
p ). We have a
2-commutative diagram
B(Tp, µp) ←−−− SpfW (Facp )
jy,ζ|Tp
y κy
B(Gp, µp) P
(∞)←−−− M(∞)T,p
,
where M(∞)T,p is the projective limit of the formal schemes UpM(∞)T,p =
limν→∞ UpM(ν)T,p, as Up tends to 1. The following properties are fulfilled:
• The bottom row is G(A∞,p)-equivariant.
• The top row is Tp(Zp)-equivariant with respect to the trivial
action on SpfW (Facp ) and the natural action of Tp(Zp) on any
B(Tp, µp)-object.
• The vertical map κ preserves the T (Q) ∩ Tp(Zp)-equivariance,
with respect to the map to G(A∞,p) given by iy,η.
In this scenario we will call κ the T -canonical lift of the toric point ξ.
9. Conclusions
Let us choose a OER-linear embedding ιp : W (Facp ) →֒ C making C
into a W (Facp )-algebra. We would like to describe the G(A
∞,p)-space
MT,p(C[ιp]) in the analytic category, ideally together with the complex-
ification of the pair (FT,p,∇T,p), again taking into account its G(A∞,p)-
equivariance. Let us choose a base point s0 ∈ MT,p(C[ιp]), and let Ms0
be the set of pairs (s1, H) where H is a homotopy class of paths from
s0 to some s1 ∈ MT,p(C[ιp]). Let ∆s0 be the set of pairs (g,H) where
H is a homotopy class of paths from s0g to s0 for some g ∈ G(A∞,p).
It is clear that Ms0 is a simply connected complex manifold, while
(g0, H0) ∗ (g1, H1) := (g0g1, (H0g1) ∗H1)
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defines a group law on ∆s0, as the homotopy classes H0g1 of paths from
s0(g0g1) to s0g1 and H1 of paths from s0g1 to s0 can be concatenated.
The isotropy group Γs0 of s0 in G(A
∞,p) can be identified with the
subgroup of elements (g,H) ∈ ∆s0 for which H is constant. The group
∆s0 acts on Ms0 from the left by means of
(g0, H0) ∗ (s1, H) := (s1g−10 , (H0 ∗H)g−11 ),
and ∆s0\(Ms0 × G(A∞,p)) can be identified with an open G(A∞,p)-
invariant union of path-component ofMT,p(C[ιp]). Upon having chosen
a horizontal section s˜ of FT,p ×I
µp
0 Gp over Ms0, we obtain a canonical
monodromy homomorphism ϕs˜ : ∆s0 → G(C) and the locally biholo-
morphic ∆s0-equivariant period map Is˜ : Ms0 → (G/P )(C), where
P = U0
ιp(µ
−1
p )
is the complexification of Iµp0 . Before we proceed we give
the provisional outcome of these methods, Uabp denotes the maximal
compact subgroup of Gab(Qp):
Theorem 9.1. Let
T = ({(Vi,Ψi, ρi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π)
be a normalised, L-metaunitary Shimura datum, for a Shimura datum
(G1, h), fix a integral structure {Vi,p}i∈Λ. Suppose that κ ∈MT,p(Zshp )
is a canonical lift of an elliptic point ξ ∈ MT,p(Facp ), and let M∗T,p
be the smallest open and closed G(A∞,p)-invariant subscheme of MT,p
which contains these.
• The complexification M∗T,p(C[ιp]) is G(A∞,p)-equivariantly bi-
holomorphically equivalent to the space
∆∗\(X+ ×G(A∞,p)),
for a discrete and cocompact subgroup ∆∗ ⊂ Aut(X+)+×G(A∞,p).
• The image of ∆∗ in Gab(A∞,p) is contained in
Gab(Z(p))
+ := Gab(Q)∩((R××G1ab(R⊗L+))/{±1}×Uabp ×Gab(A∞,p)),
the intersection taking place in Gab(A), and it has finite index
in that group.
Proof. Let s0 be the generic fiber of κ and let s˜ be as above. Let G
′
be the quotient of GR by the product of its maximal normal compact
subgroup withw(Gm,R), let P
′ be the image of P in G′C, and let I
′
s˜ be
the precomposition of Is˜ with the canonical projection (G/P )(C) →
(G′C/P
′)(C). We show that one obtains a bounded period morphism
(∆s0,Ms0 , G
′
C, P
′, ϕ′s˜, I
′
s˜) in the sense that all properties (M1), (M2),
(M3), and (M4) of the part E of the appendix are valid, (M3) follows
immediately from subsubsection 8.5.2. Property (M2) is a mediate
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consequence of corollary 3.36 (cf. subsubsection 8.5.1). Property (M1)
holds because the monodromy group is already maximal in the formal
category by lemma 7.2, and property (M4) holds because L is ample.
Now recall our prefered choice of h ∈ X+, and that part E of the
appendix with [9, Proposition 1.2.2] enable us to choose s˜ in such a
way that
ϕ′s˜(∆s0) ⊂ G′(R)+(73)
Is˜(s0) = h(74)
hold, giving the requested bijection from the complexification ofM∗T,p
to ∆s0\(X+ × G(A∞,p)), which sends the base point s0 to h. From
now on we will treat ∆s0 as a subgroup of G(A
∞,p). Notice that every
element of ∆s0 can be written as γ = γ1γ2 with regular semisimple
elements ϕs˜(γ1) and ϕs˜(γ2). Following the method of Ihara we let
s1 and s2 be their fixed points on Ms0 , and consider corresponding
maximal tori T1 ⊂ Ks1 and T2 ⊂ Ks2 containing γ1 and γ2. Now
notice that we can apply part (i) of proposition 8.19, because tori are
connected. 
We choose an auxiliary compact open subgroup of G(A∞,p), we pre-
fer it neat and of the form Up =
∏
ℓ 6=p Uℓ. Spurred by the above result
we continue with the study of the groups ∆s0 ∩ Gder(A∞,p) =: ∆ders0
and ∆ders0 ∩
∏
p 6=ℓ≤nG(Qℓ)×
∏
p 6=ℓ>n Uℓ =: ∆
der
s0,n
. We consider the maps
φ : ∆s0 → G′(R)×G(A∞,p) (resp. φn : ∆s0 → G′(R)×
∏
p 6=ℓ≤nG(Qℓ))
defined by the cartesian product of ϕ′s˜0 with the natural inclusion into
G(A∞,p) (resp. projection to
∏
p 6=ℓ≤nG(Qℓ)). For any place v ∈
L+an∪˙(SpecOL+\{0}) we let G1v be the algebraic group G1L+v where
L+ι = R[ι] for any ι ∈ L+an while L+m is the m-adic completion for any
maximal ideal m ⊂ OL+ . We are particularly interested in the sets of
places
S∞,pn = {m ∈ SpecOL+ |p /∈ m ∋ n!}
S∞,p = {m ∈ SpecOL+ |p /∈ m 6= 0}.
For the discussion in the remainder of this section we need the following
additional assumptions on (G1, h) and T:
• p is inert in L+ and G1der is a simply connected and absolutely
almost simple of type Bl, Cl or E7.
• There exist i1, i2 ∈ Λ such that at least one of the two equiva-
lences ρi1 ⊗ (L⊕AdG
1ad
L ) ≃ ρi2(or ρi2) hold.
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We will be interested in the irreducible lattices
φn(∆
der
s0,n
) ⊂ G′(R)×
∏
p 6=ℓ≤n
Gder(Qℓ).
Here notice, that part (ii) of our proposition 8.19 together with the
above assumption (iii) implies the "property f1" of [53, remark 3.8]. Let
Σ be the set of real embeddings of L+ such that G1(R[ι]) is not compact.
Following [53, step 2V] there exists a simply connected algebraic group
D over a number field K together with
• embeddings ιv : K → L+v and
• isomorphisms ψv : D ×K,ιv L+v
∼=→ G1derv
for any v ∈ Σ∪˙S∞,p, such that the corresponding topological map
ψn :
∏
v∈Σ∪˙S∞,pn
D(L+v [ιv])→
∏
v∈Σ∪˙S∞,pn
G1derv (L
+
v )
sends some (hence any) congruence subgroup of the OK [
∏
p 6=ℓ≤n ℓ
−1]-
valued points of some OK [
∏
p 6=ℓ≤n ℓ
−1]-form of D to a group commen-
surable with φn(∆s0,n) (N.B.: Since Al is excluded, the map of places
v 7→ ι−1v (v) is an injection, but this is not essential, cf. [53, step 2IV]).
According to the method described in [53, step 2VI], we can use the
property f1 again to show that:
• K = L+
• ιv is equal to the canonical embedding of L+ into L+v for each
v ∈ Σ∪˙S∞,p
We need one more property of the ψv’s, namely, that their product
gives rise to a map
ψ :
∏
ι∈Σ
Dad(R[ι])×D(A∞,p ⊗ L+)
∼=→ G′(R)×G1der(A∞,p ⊗ L+),
which is not obvious, however the proof of an analog, that is given in
[53, step 2VII], can be carried over to the case at hand, ψ turns out to be
continuous, and it sends some (hence any) S∞,p-congruence subgroup
ofD(L+) to a group commensurable with φ(∆ders0 ). Again following [53,
step 2VIII] in part, we observe that ψ(D(L+)) contains φ(∆ders0 ): Since
the subgroups {γ ∈ ∆s0 ∩ Γs1|φ(γ) ∈ ψ(D(L+))} are of finite index in
∆s0 ∩ Γs1, for each s1, their Zariski closures must contain the neutral
component of theKs1’s, which suffices according to the method of Ihara
(N.B.: our subsubsection 8.5.1 serves as analog to the "property g)"
of [52, Proposition 3.6]). Under the above assumption, that p is inert
in L+, one can still use the Hasse principle to deduce D ∼= Gder. Let
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M0T,p the connected component ofMT,p,Zshp that contains κ, let us sum
up what we have shown:
• M0T,p is a separated, quasicompact, universally closed and for-
mally smooth Zshp -scheme, which inherits a G
der(A∞,p)-action
from MT,p.
• the complexification M0T,p(C[ιp]) is biholomorphically equiva-
lent to the space
∆(1)\(X+ ×Gder(A∞,p)),
for a S∞,p-arithmetic subgroup of ∆(1) ⊂ Gder(L).
The proof of theorem 1.1 is completed by the usual methods of [10,
paragraph 6], together with the known local cases of the congruence
subgroup property, cf. [49], [43, Theorem 9.1]. At last notice, that∐
T≈S/≃
MS,p
does contain elliptic points (and there are 2Card(Λ) many ≃-classes of
such S).
Appendix A. Some facts on group schemes
Recall, that every element g in an abstract group G gives rise to an
inner automorphism, which is defined by sending any element x ∈ G
to its conjugate gxg−1, and denoted by intG(g) ∈ Aut(G). Now let X
be a scheme and let G be an X-functor in groups. We write End(G)
for the class of functorial transformations G → G which preserve the
group structure, and the subclass of invertible elements therein is de-
noted by Aut(G). Again, the elements g ∈ G(R) give rise to natu-
ral elements IntG(g/R) ∈ Aut(GR), because for varying X-morphisms
φ : R → S the families of inner automorphisms intG(S)(G(φ)(g)) form
invertible transformations from the group functor GR to itself. By
End(G) we mean the monoidal X-functor R 7→ End(GR), whenever
it exists i.e. provided that each of the classes on the right hand-side
is a set, and similarly for the group functor Aut(G). Moreover, in
case Aut(G) is well-defined, there is an associated group structure-
preserving functorial transformation IntG : G → Aut(G), which is given
by IntGR : G(R) → Aut(GR); g 7→ IntG(g/R) on the set of points over
R ∈ ObAlgX . We let ZG be the kernel of IntG . Finally, let P be a functor
over a X-scheme Y which is endowed with a right G ×X Y -action. We
will say that P is a formal principal homogeneous space for G over Y
if each non-empty P (R) becomes a principal homogeneous G(R)-set.
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If G is a fpqc-sheaf of groups on X, then a formal principal homo-
geneous space P for G over Y is called locally trivial if the following
holds:
• P is a fpqc-sheaf on Y
• For every R ∈ ObAlgY there exists a faithfully flat R-algebra S
such that P (S) is non-empty.
If one requires that G be representable by a flat and relatively affine
group scheme over X, then a locally trivial principal homogeneous
space for G over Y is also representable by a flat and relatively affine
Y -scheme, by descent theory (and [19, Proposition(2.7.1.xiii)]). Let us
write Tors(G) for the X-stack of locally trivial principal homogeneous
spaces for G, so that the groupoid ofX-morphisms from someX-scheme
Y to Tors(G) is equivalent to the category of locally trivial principal
homogeneous spaces for G over Y . Notice that both, the diagonal 1-
morphism
∆Tors(G) : Tors(G)→ Tors(G)×X Tors(G),
as well as the classifying morphism of the globally trivial principal
homogeneous space for G over X, for which we write
b(G) : X → Tors(G),
are affine and flat. For the remainder of this section G will denote a
fixed flat and affine group scheme over a fixed base ring B, which we
assume to be a Dedekind ring or a field. The following conventions on
B-algebras R will be in force: By an augmentation of R, one means a
B-linear homomorphism p from the B-algebra R to the B-algebra B,
so that R = B⊕a, where a = ker p is the so-called augmentation ideal.
It is customary to denote the kernel of the natural map G(R)→ G(B)
by G(a). By an ideal of a one means a B-submodule b ⊂ a with ba ⊂ b
so that both B ⊕ b and B ⊕ a/b are augmented B-algebras. In this
situation there is a canonical exact sequence
1→ G(b)→ G(a)→ G(a/b),
simply because the diagram
G(B ⊕ b) −−−→ G(B ⊕ a)y y
G(B) −−−→ G(B ⊕ a/b)
is (commutative and) cartesian, just think of B ⊕ b being the fiber
product (B ⊕ a)×B⊕a/b B.
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Appendix B. Some facts on Connections
Let Z be a B-algebra, let A be a Z-algebra, let pr1, pr2 : A →
A⊗Z A and pr12, pr23, pr13 : A⊗Z A→ A⊗Z A⊗Z A be the Z-algebra
homomorphisms which are defined by:
pr1(x) = x⊗ 1
pr2(x) = 1⊗ x
pr12(x⊗ y) = x⊗ y ⊗ 1
pr23(x⊗ y) = 1⊗ x⊗ y
pr13(x⊗ y) = x⊗ 1⊗ y.
The set {(pr2(x)−pr1(x))(pr2(y)−pr1(y))|x, y ∈ A} generates an ideal,
which we denote by I ⊂ A⊗Z2, and for each i ∈ {1, 2} we denote the
composition of pri with the natural map from A
⊗Z2 to the quotient
Z-algebra A′ := A⊗Z2/I by:
pri : A→ A′.
Now consider the Z-algebra A′′ := A⊗Z3/ pr12(I) + pr23(I) + pr13(I),
and notice that for any indices 1 ≤ i < j ≤ 3, the composition of prij
with the natural map from A⊗Z3 to the quotient A′′ factors through
further canonical Z-algebra homomorphisms:
prij : A
′ → A′′.
In the following result alt2AM denotes the cokernel of the endomor-
phism M⊗A2 → M⊗A2; x⊗ y 7→ x⊗ y − y ⊗ x, for any A-module M .
Proposition B.1. The above Z-algebra A′ is canonically isomorphic
to A⊕ Ω1A/Z , on which the multiplication law is given by
(x, φ)(x′, φ′) = (xx′, xφ′ + x′φ).
Moreover, by transport of structure the above Z-linear homomorphism
pr1 (resp. pr2) gives rise to the Z-linear homomorphism from A to
A⊕Ω1A/Z which is given by x 7→ x (resp. x 7→ x+ dA/Z(x)). The above
Z-algebra A′′ is canonically isomorphic to A⊕Ω1A/Z ⊕Ω1A/Z⊕alt2A Ω1A/Z
on which the multiplication law is given by
(x, ǫ, δ, η)(x′, ǫ′, δ′, η′) = (xx′, xǫ′+x′ǫ, xδ′+x′δ, xη′+x′η+ǫ⊗δ′+ǫ′⊗δ).
Moreover, by transport of structure the above homomorphism pr12 (resp.
pr23 or pr13) gives rise to the Z-linear homomorphism from A⊕ Ω1A/Z
to A⊕ Ω1A/Z ⊕ Ω1A/Z ⊕ alt2A Ω1A/Z which is given by (x, φ) 7→ (x, φ, 0, 0)
(resp. (x, φ) 7→ (x, dA/Z(x), φ, dA/Z(φ)) or (x, φ) 7→ (x, φ, φ, 0)).
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In this optic the diagonal x ⊗ y 7→ xy (resp. the two degeneracy
homomorphisms x⊗ y ⊗ z 7→ xy ⊗ z or x⊗ yz) give rise to the homo-
morphisms (x, φ) 7→ x (resp. (x, ǫ, δ, η) 7→ (x, ǫ or δ)). Observe that
the intersection of the kernels of the two degeneracy maps is the ideal
alt2A Ω
1
A/Z . Now, let P be a locally trivial principal homogeneous space
for G over A. Let G˜ = AutG(P ) be the twist of G, that is determined
by P . Notice that G˜ is an affine and flat group scheme over A, simply
because it is fpqc locally isomorphic to G.
Definition B.2. (i) Write Pi for the locally trivial principal ho-
mogeneous spaces for G over A ⊕ Ω1A/Z which are obtained by
pull-back along pri, for 1 ≤ i ≤ 2. By a connection (relative to
Z) one means an isomorphism
α : P2 → P1
whose pull-back along the diagonal A⊕Ω1A/Z → A agrees with the
identity section. We denote the set of all connections on P by
ConnZ(P/A). If P is equipped with a descent to Z, then we call
the natural isomorphism from P2 to P1 the trivial connection.
(ii) To any two connections α and α′ one may consider the map:
α′ ◦ α−1 : P1 → P1,
which is seen to be a A ⊕ Ω1A/Z-valued automorphism of our
locally trivial principal homogeneous spaces P , whose pull-back
along the diagonal map (x, φ) 7→ x agrees with identity section.
The canonical element β ∈ G˜(Ω1A/Z), which is thus obtained is
called the difference of α′ and α and it will be denoted by α′−α,
and one also writes β + α := α′.
(iii) Write αij for the isomorphism between locally trivial principal
homogeneous spaces for G over A ⊕ Ω1A/Z ⊕ Ω1A/Z ⊕ alt2A Ω1A/Z
which are obtained by pull-back of some α ∈ ConnZ(P/A) along
the maps prij for 1 ≤ i < j ≤ 3. The identities pr13 ◦ pr2 =
pr23 ◦ pr2 and pr23 ◦ pr1 = pr12 ◦ pr2 allow us to consider the
composition
α12 ◦ α23 ◦ α−113 ,
which we are allowed to regard as a A⊕Ω1A/Z⊕Ω1A/Z⊕alt2AΩ1A/Z-
valued automorphism of our locally trivial principal homoge-
neous space P , given that pr13 ◦ pr1 = pr12 ◦ pr1, furthermore,
since its pull-backs under the two degeneracy maps (x, ǫ, δ, η) 7→
(x, ǫ or δ) agree with identity sections, we obtain a canonical el-
ement curvZ(α) ∈ G˜(alt2AΩ1A/Z), which is called the curvature
of α.
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Remark B.3. The curvature map from ConnZ(P/A) to G˜(alt2AΩ1A/Z) as
well as the summation from G˜(Ω1A/Z) × ConnZ(P/A) to ConnZ(P/A)
are G˜(A)-equivariant with respect to the natural left actions defined on
each of G˜(Ω1A/Z), G˜(alt2A Ω1A/Z) and ConnZ(P/A).
Let S be a B-scheme, let X be a S-scheme, and let P be a locally
trivial principal homogeneous space for G over X. It is completely clear
that the concepts of B.2 generalize immediately to the scheme theoretic
setting: The set ConnS(P/X) of S-connections still forms a G˜(X)-set,
which is empty or a G˜(X)-equivariant principal homogeneous space
under G˜(Ω1X/S), and the curvature map reads curvS : ConnS(P/X)→
G˜(alt2OX Ω1X/S), and it is G˜(X)-equivariant too.
B.1. A remark on the Cartan-Maurer form. From now on, we
assume that X is smooth over S, that G is smooth over B, and that 2
is invertible in B, and we clarify the relation of the above notions to
more classical ones. Recall that the OX -module of m-forms is denoted
by ΩmX/S =
∧m
OX Ω
1
X/S , where Ω
1
X/S is the locally free OX-module of
relative Kähler differentials, and fix another locally free OX-module F .
The sections in the OX-module ΩmX/S⊗OX F are called F -valued homo-
geneous differential forms of degree m, while an F -valued differential
form is just a formal sum of homogeneous ones. The sheaf
⊕
m Ω
m
X/S
of differential forms has a interesting OS-linear endomorphism dX/S,
obeying the following rules:
(i) The endomorphism dX/S is of degree 1, and the Leibniz rule
(75) dX/S(η1 ∧ η2) = dX/S(η1) ∧ η2 + (−1)deg(η1)η1 ∧ dX/S(η2)
holds for homogeneous sections η1 and η2.
(ii) dX/S ◦ dX/S = 0.
(iii) The restriction of dX/S to OX (i.e. to 0-forms) agrees with the
universal OS-linear derivation from the OS-algebra OX to the
OX -module of relative Kähler differentials.
A OS-linear endomorphism ∇, that is defined on the sheaf of F -valued
differential forms, is called a connection (relative to S) if it is homoge-
neous of degree 1 and satisfies the equation (75) (in which η1 denotes
still a homogeneous differential form, while η2 must now be an F -valued
one, [9]). Sections killed by ∇ are called horizontal, and the map ∇◦∇
can be written uniquely as η 7→ R∧η, where R =: curv(∇) is called the
curvature of ∇, it is a global section in the F ⊗OX Fˇ-valued 2-forms on
X (in fact a horizontal one). If curv(∇) vanishes, then one calls ∇ inte-
grable. Now suppose that F is of the form F1⊕F2 (resp. F1⊗OX F2),
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where both bundles F1 and F2 are equipped with connections ∇1 and
∇2. Consequently there exists one and only one connection ∇ on
F , which satisfies in addition ∇(η1 + η2) = ∇1(η1) + ∇2(η2) (resp.
∇(η1⊗η2) = ∇1(η1)⊗η2+η1⊗∇2(η2)) for any two sections ηi of theOX -
modules Fi (i ∈ {1, 2}). If this holds we write ∇ = ∇1⊕∇2 (resp. ∇ =
∇1⊗∇2). Therefore, the class of connections (relative to S) on vector
bundles on X, together with the class of horizontal OX -module homo-
momorphisms forms an additive rigid ⊗-category, for which we write:
SysX/S. It is easy to see that curv(∇1 ⊕ ∇2) = curv(∇1) + curv(∇2)
(resp. curv(∇1 ⊗∇2) = curv(∇1) ⊗ idF2 + idF1 ⊗ curv(∇2)) holds. In
particular, direct sums and tensor product of integrable connections
are again integrable (and similarily for duals). Therefore, the class of
integrable connections (relative to S) on vector bundles on X, together
with the class of horizontal OX -module homomomorphisms forms an
additive rigid ⊗-category, for which we write: MiCX/S .
Let P be a locally trivial principal homogeneous space for G over X
and recall that it gives rise to a twisted fiber functor ωP , further-
more applying ωP to the adjoint representation Ad
G (together with
the Lie-bracket from AdG ⊗B AdG to AdG) yields canonically the Lie-
OX-algebra g˜ = Lie G˜. In the same vein every α ∈ ConnS(P/X) gives
rise to S-connections ∇α(ρ) on each ωP (ρ) ∈ ObVec(X), which are com-
patible in the sense that
Rep0(G)→ SysX/S; ρ 7→ (ωα(ρ),∇α(ρ))
sets up a ⊗-functor (see e.g. [48, VI.1.2.3.1]). Moreover, applying ωP
to the Rep0(G)-morphism ρder : g → EndB(ωG(ρ)) yields a map, say
ωP (ρ
der) from g˜ to EndB(ωP (ρ)) and the formula∇E+α(ρ) = ωP (ρder)E+
∇α(ρ) holds for all E ∈ Γ(X,Ω1X/S⊗OX g˜), recall that the set of all con-
nections for F forms a principal homogeneous space for the group of
global sections of F ⊗OX Fˇ-valued 1-forms, unless it is empty. The
following formulae are well-known:
• ∇α(AdG) curvS(α) = 0
• curvS(E + α) = [E,E]2 +∇α(AdG)E + curvS(α)
Here notice, that the global sections in the sheaf of g˜-valued differ-
ential forms possesses a Lie-superalgebra structure. At last we want
to make these things more explicit for the case of the globally triv-
ial principal homogeneous space P = G ×B X, in which case G˜ and
G ×B X agree canonically, so that ConnS(P/X) = Ω1X/S ⊗B g (by de-
creeing the neutral element to be the trivial connection), and the G(X)-
equivariant map curvS : Ω
1
X/S ⊗B g→ Ω2X/S ⊗B g can be described by
E 7→ [E,E]
2
+ dX/S(E). However, the left actions of some g ∈ G(X)
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on Ω2X/S ⊗B g and Ω1X/S ⊗B g are a little subtle: While the g-action
on Ω2X/S ⊗B g is simply given by idΩ2X/S ⊗Ad
G(g), it acts by means of
E 7→ (idΩ1
X/S
⊗AdG(g))E − η ◦ g on Ω1X/S ⊗B g where η ∈ Ω1G/B ⊗B g
is the canonical right-invariant Cartan-Maurer form, and η ◦ g denotes
the pull-back of the 1-form η by means of g : X → G. We remark that
the Cartan-Maurer form of GL(n) is (dA)A−1.
Appendix C. Gradations and Filtrations
By a gradation of type T of some torsion-free finitely generated B-
module V, we mean a direct sum V =⊕l∈T Vl (N.B. we do not require
that Vl 6= 0 for l ∈ T ). Now let us write GL(V/B) (resp. V) for the
multiplicative (resp. additive) group functor, of which the R-valued
points are the units in EndB(V)⊗B R (resp. V ⊗B R). It is immediate
that the group homomorphisms from the multiplicative group Gm,B to
GL(V/B), i.e. the cocharacters, are precisely given by their respective
weight-gradations of V, which are of type Z, as the group Z-scheme
Gm is given by the spectrum of Z[x
±1] =
⊕
l∈Z Zx
l. By slight abuse
of language we will say that some cocharacter ν was of type T ⊂ Z if
and only if its weight-gradation would have that property, and we will
say that ν is a homothety if and only if it is a cocharacter of type {l}
for some l. The homothety of type {1} will be denoted by CV . Let us
write A1 := SpecZ[x] for the affine line, and notice in particular, that
a cocharacter is of type N0 if and only if it extends to a homomorphism
A1B → V ⊗B Vˇ ,
respecting the natural monoidal structures on either side. A cochar-
acter thus extended to A1 will be referred to as an effective one. Now
we need to introduce a couple of operations for a cocharacter ν of the
group GL(V/B), say defined by a weight gradation V =⊕l∈Z Vl:
Foremost, there exists a canonical isomorphism
GL(V/B)→ GL(Vˇ/B); g 7→ gˇ,
where Vˇ = HomB(V, B). It follows that there is a canonically deter-
mined dual cocharacter νˇ : Gm,B → GL(Vˇ/B), and indeed one finds
easily that the νˇ-weight of Vˇl (regarded as a subspace of Vˇ) is equal to
−l. Let H0 : Z→ Z be the Heaviside step function
H0(l) :=
{
0 l ≤ 0
1 l ≥ 1 ,
consider the B-modules V˜l :=
⊕
H0(m)=l
Vm, and let H0(ν) be the
cocharacter (of type {0, 1}) which is defined by the weight-gradation
PEL MODULI SPACES WITHOUT C-VALUED POINTS 141
V = V˜0 ⊕ V˜1, i.e. H0(ν) acts with weight H0(l) on each direct sum-
mand Vl. Observe that the dual of H0(νCV) is equal to H0(νˇ)CVˇ , because
H0(1− l) = 1−H0(l) holds for every integer l, the dual of CV is C−1Vˇ .
By a filtration on a B-algebra R one means a family of ideals {an}n∈Z
with
• anam ⊂ an+m
• R = a0 = a−1
Equivalently, a filtration is given by a function v : R→ N0 with
• v(a+ b) ≥ min{v(a), v(b)}
• v(ab) ≥ v(a) + v(b)
by means of an = {x ∈ R|v(x) ≥ n}. We call v the characteristic valua-
tion of the filtration. For an ideal a ⊂ R we let va(x) =
{
∞ x ∈ a
0 x /∈ a be
the characteristic function of the ideal (corresponding to the filtration
· · · ⊃ R ⊃ a ⊃ a . . . ). Now, if m is a fixed integer and V = ⊕l∈Z Vl
is the gradation defined by a cocharacter ν : Gm,B → GL(V/B), then
we will denote the R-module
⊕
l∈Z am−l⊗B Vl by: Fˆil
m
ν (V, R, v) (while
Filmν (V) just means
⊕
l≥m Vl).
C.1. Fiber Functors. If X is a scheme, we write Vec(X) for the
additive rigid ⊗-category of vector bundles on X, i.e. locally free
OX-modules which are locally of finite type. We will also utilize the
B-linear, additive, rigid ⊗-category Rep0(G) of ’representations’, i.e.
G−B-modules which are finitely generated and projective over B, this
has been introduced and studied in [48, II.4.1.2.1], along with vari-
ous functors defined thereon: There is a natural forgetful faithful fiber
functor
ωG : Rep0(G)→ Vec(SpecB),
which takes a G−B-module to its underlying B-module. Furthermore,
for every locally trivial principal homogeneous space P for G over some
B-scheme X, there also exists a certain twisted fiber functor
ωP : Rep0(G)→ Vec(X).
This takes a representation (V, ρ) to the locally freeOX-module P×GV,
which is obtained by the usual extension of structure group (the map
ρ takes P naturally to a locally trivial principal homogeneous space for
GL(V/B) over X, and in turn this defines a vector bundle of constant
rank equal to rankB V, cf. [48, II.3.2.3.4]). Notice that, both of these
functors are exact, and respect the rigid ⊗-structure defined on their
source and target. Moreover, the group G/B (resp. the locally trivial
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principal homogeneous space P/X) can be recovered from ωG (resp.
ωP ) by means of the natural isomorphisms G(R) ∼= Aut⊗(R ⊗B ωG)
(resp. P (R) ∼= Iso⊗(R ⊗B ωG , R ⊗OX ωP )), where Aut⊗ (resp. Iso⊗)
denotes the ⊗-preserving subset of functorial isomorphisms from the
Vec(SpecR)-valued ⊗-functor R⊗B ωG to itself (resp. to R⊗OX ωP ).
Now let us assume that G is smooth and that M is a B-module. Spe-
cializing the above to the B-algebra B ⊕ M leads to an interesting
characterization of the Lie-algebra g: Let us say that a B-linear trans-
formation d from ωG to M ⊗B ωG is a M-valued derivation of ωG if the
identity
dρ1⊗ρ2 = dρ1 ⊗B idωG(ρ2)+ idωG(ρ1)⊗Bdρ2
is valid for any two objects ρ1 and ρ2 of Rep0(G) (N.B. both sides are
maps from ωG(ρ1 ⊗ ρ2) to M ⊗B ωG(ρ1 ⊗ ρ2), because ωG is a fiber
functor). If Der⊗M(ω
G) denotes the B-module of M-valued derivations
of ωG, then we have a natural isomorphism M ⊗B g ∼= Der⊗M(ωG).
Notice that every cocharacter µ : Gm,B → G defines a gradation of type
Z on ωG, [48, Corollaire IV.1.2.2.2], i.e. compatible gradations ωG(ρ) =⊕
l∈Z ω
G
µ(l, ρ) as ρ runs through Rep0(G). Following [48, IV.2.1.3], we
consider the associated closed subgroup functors
Umµ (R) = {g ∈ G(R)|∀ρ, l0 :
(ρ(g)− 1)(ωGµ(l0, ρ)) ⊂ R ⊗W (Fpf )
∞⊕
l=m+l0
ωGµ(l, ρ)}.
These are representable by (and will be identified with) smooth sub-
schemes, by [48, Proposition IV.2.1.4.1]. Since U0µ preserves the filtra-
tion {⊕∞l=l0 ωGµ (l, ρ)|l0 ∈ Z} it acts on each ωGµ(l0, ρ), and it is useful to
have notations for
dµ(l0, ρ) := rankB ω
G
µ(l0, ρ)
and for the character
χµ(l0, ρ) : U
0
µ → Gm,B
corresponding to the representation of U0µ on
∧dµ(l0,ρ)
B ω
G
µ(l0, ρ), note
that χµ(l0, ρ)|U1µ is trivial. It also follows that there is a canonical
homomorphism
Lµ : A
1
W (F
pf
) → End(U0µ),
of multiplicative monoids which extends the interiorGm,B-action Int
U0µ ◦µ
on U0µ. Now, if m is a fixed integer, and if the family an ⊂ R is the
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filtration corresponding to a valuation v : R → N0, then we need to
introduce a certain subgroup of G(R) by means of:
Uˆmµ (R, v) = {g ∈ G(R)|∀ρ, l0 :
(ρ(g)− 1)(ωGµ(l0, ρ)) ⊂
⊕
l∈Z
am+l0−l ⊗W (Fpf ) ωGµ(l, ρ)},
which is going to serve as a “topological” analog to the groups Umµ , no-
tice that R = a0 = a−1 = . . . , so that Umµ (R) is indeed contained
in Uˆmµ (R, v). Note that G(Q) ∩ Uˆmµ (R, v) = Uˆmµ (Q, v|Q) holds for
B-subalgebras Q ⊂ R, and that Uˆmµ (R, va) is the inverse image of
Umµ (R/a) in G(R).
Lemma C.1. Let i : G → H be a closed immersion of affine and flat
B-groups. Then Uˆmµ (R, v) = {g ∈ G(R)|i(g) ∈ Uˆmi◦µ(R, v)} holds.
Definition C.2. Let µ : Gm → G be a cocharacter, and consider the
weight decomposition
⊕
h∈Z gh = g = LieG.
• Let h be a positive integer. By an additive 1-parameter subgroup
of µ-weight h, we mean a homomorphism ǫ : Ga → G, of which
the derived map Lie ǫ sends Ga = LieGa into gh.
• A d-tuple of additive 1-parameter subgroups ǫ1, . . . , ǫd : Ga → G
of µ-weights 0 < h1 ≤ · · · ≤ hd−1 ≤ hd is called a µ-basis
if the map Gda → LieU1µ; (x1, . . . , xd) 7→
∑d
i=1(Lie ǫi)(xi) is an
isomorphism.
• If there exist a µ-basis, then µ will be called to be of triangular
type.
Theorem C.3. Assume that the d-tuple of additive 1-parameter sub-
groups ǫ1, . . . , ǫd : Ga → G forms a µ-basis for a B-rational cocharacter
µ : Gm → G, in the sense of definition C.2. Then, the map
Gda → U1µ ; (x1, . . . , xd) 7→ ǫ1(x1) · · · · · ǫd(xd)
is an isomorphism.
Proof. Let 0 < h1 ≤ · · · ≤ hd−1 ≤ hd be the µ-weights of ǫ1, . . . , ǫd. It
is clear that ǫi factors through U
hi
µ , and that it is enough to show that
each of the maps:
Um+1µ ×
∏
hi=m
Ga → Umµ ; (x0, . . . , xi, . . . ) 7→ x0
∏
hi=m
ǫi(xi)
is an isomorphism (where the order of multiplication is according to
increasing i). However, this follows from the commutativity of the
144 OLIVER BÜLTEL
diagram ∏
hi=m
Ga
∏
hi=m
Lie(ǫi)−−−−−−−−→ gm
∏
hi=m
ǫi
y logx
Umµ −−−→ Um+1µ \Umµ
and the fact, that its upward arrow is a monomorphism. 
Notice that the group multiplication identifies U0µ−1 ×B U1µ with an
open subscheme of G (use the implication "b)⇒a)" in [19, Théorème
(17.9.1)] followed by the "d)⇒b)"-one in the result [19, Théorème
(17.11.1)]), we have the following consequence:
Theorem C.4. Let v be the characteristic valuation of the filtration
an on a B-algebra R, where a1 ⊂ rad(R). Let µ : Gm,B → G be
a cocharacter of triangular type, and choose a µ-basis of additive 1-
parameter subgroups ǫ1, . . . , ǫd : Ga,B → G, as in definition C.2. Then
Uˆ0µ−1(R, v) = U
0
µ−1(R)
d∏
i=1
ǫi(ahi).
Proof. By the previous observation we know that Uˆ0µ−1(R, v) is con-
tained in (the R-valued points of) the image of U0µ−1 ×B U1µ in G. In
view of theorem C.3 it is enough to show the inclusions:
Uˆ0µ−1(R, v) ∩
d∏
i=j
ǫi(R) ⊂
d∏
i=j
ǫi(ahi),
which you can handle by downward induction on j. 
In this paper we usually consider groups G which are defined over
B = W (Fpf ) (or subrings thereof). In this case there exist µ-bases for a
W (Fpf )-rational cocharacter µ, provided that one of the following two
properties holds:
• G is reductive
• · · · = gp+1 = gp = 0
Appendix D. Existence of poly-unitary Shimura data
Let K be an algebraically closed field of characteristic 0, and let
g be a semi-simple Lie-algebra over K. We call a finite-dimensional
representation ρ : g → EndK(U) asymmetrical if for every non-inner
automorphism α : g → g one can find some sub-representation σ of
ρ which is nonequivalent to σ ◦ α. The raw material for sample poly-
unitary Shimura data is supplied by:
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Proposition D.1. Let ρ0 : G0 → GL(U0/K) be a linear representation
of the semi-simple K-group G0 and write ρ
′
0 for the direct sum of ρ0
and Ad on the representation space U ′0 = U0 ⊕ g0. Assume that ρ′0 is
faithful and has an asymmetrical derived representation ρ′0
der : g0 →
EndK(U
′
0). Write U
′ := U ⊕ g0, where U is the trivial one-dimensional
representation of G0, and fix an element e ∈ U . Consider the sub-K-
algebra K[a] ⊂ EndG0(U ⊗K U ′ ⊗K U ′0) that is generated by the single
endomorphism
x1 ⊗ (x+ x′)⊗ (x0 + x′0) a7→ x1 ⊗ (x′0 ⊗ x′ + e⊗ ρ′0der(x′)(x0 + x′0)),
where x0 ∈ U0, x, x1 ∈ U , and x′0, x′ ∈ g0. Write G0 for the stabilizer
in GL(U/K) ×K GL(U ′/K) ×K GL(U ′0/K) of EndG0(U ′), EndG0(U ′0),
and K[a]. Then one has:
G0 = G0 Z
G0
More specifically, write Z ′0 for the center of EndG0(U
′
0)
×, and write
Z ′ ⊂ Z ′0 for the sub-torus consisting of elements whose action on g0 is
a scalar. Then Z ′ is naturally contained in ZG
0
, and indeed one has
G2m,K ×K Z ′ = ZG
0
, where the two copies of Gm act as scalars on U
and U ′. The rank of ZG
0
is equal to
3 + Card{isotypic components of U ′0} − Card{simple factors of g0},
and it is connected.
Proof. The proposition and its proof are both similar to [5, Lemma
7.3]. Fix an element of G0, according to the presence of EndG0(U
′
0) and
EndG0(U
′), we can write
(
g0 0
0 g′0
)
,
(
g 0
0 g′
)
, and g1, for the induced
maps on U ′0, U
′, and U . Notice that g′0 and g
′ are proportional, and
that:
g0
g
ρder(x′)x0 = ρder(
g′
g
x′)(
g0
g
x0)
g′0
g
[x′, x′0] = [
g′
g
x′,
g′0
g
x′0]
according to the presence of a. This means that α := g
′
g
is an automor-
phism of the Lie algebra g0, and that β :=
1
g
(
g0 0
0 g′0
)
intertwines ρ′0
der
and ρ′0
der ◦ α. Using the asymmetry of ρ′0der, and again the presence
of EndG0(U
′
0), we see that α must be an inner automorphism, so that
it is induced from an element in G0(K). Upon an adjustment we are
allowed to assume α = 1, so that g′ is equal to the multiplication by
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the scalar g. Consequently β lies in the center of EndG0(U
′
0)
×. Upon a
further adjustment we are allowed to assume that each of g0, g
′
0 and g
′
is equal to the multiplication by the scalar g. The remaining degrees
of freedom are g, g1 ∈ K×. 
In the special case of a simply connected algebraic group G0, the
condition on the asymmetry of the derived representation ρ′0
der may
be removed from the assumptions of the previous proposition, because
this is an automatic consequence of the faithfulness of ρ′0. In fact, if G0
is simply connected and semisimple without simple factors of type E8,
F4 or G2, then the faithfulness of ρ0 implies already the asymmetry of
ρder0 (Sketch: every automorphism of g0 comes from an automorphism
of G0, which is inner if and only if it restricts to the identity on the
center).
In the special case of an algebraic group of adjoint type over an al-
gebraically closed field, one can easily give a specific example of a
representation ρ0 such that ρ
′
0
der is faithful and asymmetrical: Let
G0 =
∏d
i=1Gi be the decomposition into simple factors. Let us write
ρi : Gi → GL(Ui/K) for the following asymmetrical representations:
• If Gi is of type Bl, Cl, E8, E7, F4, G2 or A1 then Ui := 0,
• IfGi ∼= PGL(n), where n ≥ 3, then Ui := (sym2K std)⊗K
∧2
K
ˇstd,
• IfGi ∼= SO(2n)/{±1}, then Ui :=
{∧n
K std n ≡ 0 (mod 2)
sym2K(
∧n
K std) n ≡ 1 (mod 2)
,
• If Gi is of type E6, then Ui := sym3K(J),
and let us write ρ0 : G0 → GL(U0/K) for the natural representation
on the (exterior) direct sum U0 :=
⊕d
i=1 Ui (here std means standard
representation and J is the 27-dimensional exceptional Jordan algebra).
In general U0 need not be faithful nor asymmetrical, but it is easy to
see that U ′0 = U0 ⊕ g0 does indeed possess both of these properties. In
the sequel this is our prime example. We also need the following N0-
valued function on the set of isomorphism classes of connected groups
of adjoint type, which we call the radius:
• r(G1×K · · ·×KGd) := max{r(G1), . . . , r(Gd)} if G1, . . . , Gd are
simple.
• r(PGL(n)) := 2 for all n ≥ 3
• r(SO(2n)/{±1}) :=
{
n
2
n ≡ 0 (mod 2)
n n ≡ 1 (mod 2) for all n ≥ 4
• If G0 is of type E6, then r(G0) = 4.
• If G0 is of type Bl, Cl, E7, or A1 then r(G0) := 1.
• If G0 is of type E8, F4, or G2 then r(G0) := 0.
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The number r(G0) has the following significance: If U
′
0 is the represen-
tation above, then no minuscule cocharacter ofG0 possesses a weight on
U ′0 which is strictly greater than r(G0) or strictly smaller than −r(G0).
D.1. Preliminary reduction steps. Just as in subsection 8.2 we let
(G0, h) be a Hodge datum with coefficients in a totally real field L
+, we
let L be totally imaginary extension of L+, we let r be an unramified
prime of L lying over some rational odd prime p. We write R ⊂ C for
the splitting field of L and we write ϑ ∈ Gal(R/Q) for the geometric
Frobenius induced by r. The next two subsections address the existence
of L-metaunitary Shimura data:
Lemma D.2. If (d+, {(Vi,Ψi, ρi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) is a L-metaunitary
Shimura datum for (G0, h), then there exist
• elements ni ∈ (Z(p) ⊗OL)× for each i ∈ Λ, and
• a central cocharacter γ : S1 → (ResL+/QG0)R
• a family of functions ci : Lan → Z
such that (d+, {(Vi, niΨi, ρi, ji − ci, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) is a nor-
malized, L-metaunitary Shimura datum for (G0,
h
γ◦N).
Proof. For each i ∈ Λ we write ai,ι ≤ bi,ι = 1 − ai,ι◦∗ for the fam-
ily of integers corresponding to the ϑ-gauged L-unitary representation
(Vi, ρi,Ψi, ji) by means of remark 8.4. Our proof begins with a choice
of a disjoint union Lan = S ∪ {ι|ι ◦ ∗ ∈ S} where we may require that
each split cycle is entirely contained in one of S or {ι|ι ◦ ∗ ∈ S}. Ob-
serve that families satisfying (N1) are already given by their values on
S, since one can rewrite this as ai,ι + ai,ι◦∗ = 1 − Card(d−1({ι})). So
let us define another family by decreeing
a′ι :=
{
0 d(ι) ∈ S
1 d(ι) /∈ S
for all ι ∈ S, which happens to satisfy not only (N1) but also (N2) and
(N3). Let ci be the function ι 7→ ci,ι := ai,ι−a′ι, and let ni ∈ (Z(p)⊗OL)×
satisfy (−1)ci,ιι(ni) > 0. Since 0 = ci,ι + ci,ι◦∗ holds, it is easy to see
that there exists a cocharacter γ such that the weights of ρi◦γ are given
by the family ci (N.B.: L
1 × · · · × L1︸ ︷︷ ︸
Λ
is canonically contained in the
center of ResL+/QG0 and the norm maps S canonically onto S
1). 
In the sequel we say that ({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) is a L-
metaunitary collection for the Hodge datum (G0, h) if and only if:
• Each triple (Vi,Ψi, ρi) satisfies the two conditions (U1) and
(U2), and
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• ({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) is a L-metaunitary collection
for the L+-group (GΛm,L+ ×L+ G0)/{±1}Λ,
and without further notice we write hi := ̺i,R◦h for the skew-Hermitian
Hodge structure of weight −1 on (Vi,Ψi) which is induced by the first
of the two conditions. We have the following further criterion:
Lemma D.3. Fix (G0, h) together with an L-metaunitary collection
({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π). Furthermore, we assume 1 ≡ Card(Λ)
(mod 2) and Π = {Λ} ∪ {{i}|i ∈ Λ}. We let [ai,ι, bi,ι] be the smallest
intervals, such that the Hodge decomposition of (Vi,Ψi, hi) is of type
{(−bi,ι, bi,ι − 1), . . . , (−ai,ι, ai,ι − 1)},
and we let wi,ι := bi,ι − ai,ι be their lengths. Then there exists a L-
metaunitary Shimura datum for (G0, h) of the form
(d+, {(Vi,Ψi, ρi, ji, li)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π)
if and only if
(76)
∑
i∈Λ
lim
N→∞
∑N
k=1wi,ϑk◦ι
N
< 1,
holds for every ι ∈ Lan.
Proof. Observe that the above convention on the families ai,ι ≤ bi,ι =
1 − ai,ι◦∗ follows remark 8.3. This is not compatible and almost op-
posite to the convention of remark 8.4, but it is more useful in the
non-normalised situation. In view of the lemma 8.2 (with the weak-
ened version of (i) therein) all we have to do is find (d+, . . . , ji, . . . )
such that d(ι) = ϑ−d
+(ι) ◦ ι satisfies the following:
(i) For each i ∈ Λ and l ∈ [ai,ι, bi,ι − 1], there exists a unique
κ ∈ Lan, with d(κ) = ι and ji(κ) = l.
(ii) For every κ ∈ Lan, the cardinality of both sets {i ∈ Λ|ji(κ) <
ai,d(κ)}, and {i ∈ π|ji(κ) ≥ bi,d(κ)} is at least Card(Λ)−12 .
(iii) Each cycle of Lan contains at least one element κ which satisfies
ji(κ) /∈ [ai,d(κ), bi,d(κ) − 1] for all i ∈ Λ.
Note that (i), (ii), and (iii) might not automatically imply the condition
(N1), but that we do have bι − aι ≥ Card(d−1({ι})) in any case, and
in fact the condition (N1) can be enforced by a slight adjustment of
the function j and the intervals [ai,ι, bi,ι] in the sense of remark 8.3. It
does no harm to assume Λ = {1, . . . , n}. It is very easy to see that
the existence of a single function ji(κ) = −ji(κ ◦ ∗), satisfying (i) alone
is equivalent to limN→∞
∑N
k=1wi,ϑk◦ι
N
≤ 1 for each ι, in particular the
inequality (76) implies the existence of ϑ-gauge j for the type {(−bι, bι−
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1), . . . , (−aι, aι − 1)} where aι := 1−n2 +
∑n
i=1 ai,ι and bι :=
1−n
2
+∑n
i=1 bi,ι. Now we have to construct a multicompact family of gauges
{ji}1≤i≤n as in (i),(ii), and (iii). We begin with a choice of disjoint
union:
Lan = S ∪ {ι|ι ◦ ∗ ∈ S}.
Consider some κ with ι := d(κ) ∈ S. Thinking of [aι, bι − 1] as
the concatenation of suitable translates of the intervals [a1,ι, b1,ι −
1], . . . , [an,ι, bn,ι−1] leads to unique integers l andm with the properties:
n− 1
2
+ j(κ) =
∑
i<m
bi,ι + l +
∑
i>m
ai,ι
m ∈ [0, n+ 1]
l ∈


]−∞,−1] m = 0
[am,ι, bm,ι − 1] m ∈ [1, n]
[0,∞[ m = n+ 1
.
So that we may define, for every i ∈ Λ:
−ji(κ ◦ ∗) = ji(κ) :=


ai,ι − 1 (−1)i(i−m) < 0
l i = m
bi,ι (−1)i(i−m) > 0
.
The further details are left to the reader, as is the other implication,
which we do not need. 
We write Qn := Mat(n × 1,Q) for the standard n-dimensional Q-
vector space endowed with the standard euclidean pairing En(x, y) :=
xty.
Lemma D.4. Let ({(Vi,Ψi, ρi)}i∈Λ, {(Rπ, ∗, ιπ)}π∈Π) be a L-metaunitary
collection for (G0, h). Assume that G0 and L are unramified at all di-
visors of p.
(i) The L-metaunitary collection
({(Q2 ⊗ Vi, E2 ⊗Ψi, ρ⊕2i )}i∈Λ, {(Mat(2Card(π), Rπ), ∗, ιπ)}π∈Π)
has a T -enrichment for every Qp&R-elliptic, Qp-unramified max-
imal Q-torus T , in the sense of subsubsection 8.4.3.
(ii) The L-metaunitary collection
({(Q8 ⊗ Vi, E8 ⊗Ψi, ρ⊕8i )}i∈Λ, {(Mat(8Card(π), Rπ), ∗, ιπ)}π∈Π)
is unramified in the sense of subsection 8.2.
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Proof. Part (i) follows because the unramifiedness of G0 implies that
Qp⊗End(ρi) is a product of matrix algebras over unramified extensions
of Qp, while the Rosati-involution is positive on R⊗End(ρi). To prove
(ii) we pick a hyperspecial subgroup Up ⊂ ResL+/QG0(Qp). Sufficiently
small Up-invariant Z(p) ⊗ OL-lattices Vi,p ⊂ Vi for i ∈ Λ, and a suffi-
ciently large integer m would satisfy: Vi,p ⊂ V⊥i,p ⊂ p−mVi,p. Now re-
call Zarhin’s trick: Choose an even self-dual lattice Z⊥ = Z ⊂ Q8 con-
taining a direct factor M of rank 4, such that {xty|x, y ∈ M} ⊂ pmZ.
Replacing Vi,p by the Z(p) ⊗OL-lattices:
Z ⊗Vi,p +M ⊗V⊥i,p ⊂ Q8 ⊗ Vi
proves the result. 
D.2. Gauged metaunitary collections for Shimura data. In the
next two propositions we fix a reductive group G0 of adjoint type over a
totally real field L+, we let K be the smallest L+-extension over which
G0 is an inner form of a split form, and we let (G0, h0) be a Shimura
datum with coefficients in L+. For a totally imaginary quadratic ex-
tension L of a totally real field L+ we have to introduce the following
algebraic torus:
CL/L+ := ker(ResL/L+ Gm,L
NL/L+→ Gm,L+)
Note that ResL+/QCL/L+ ∼= L1. Every CM-type for L endows (Gm,Q ×
L1)/{±1} with the structure of a Shimura datum. We fix a prime p 6= 2
such that G0 and L
+ are unramified at all divisors of p. Now we turn
to our poly-unitary examples:
Proposition D.5. If
lim
N→∞
Card{k ∈ {1, . . . , N}|G0(R[ϑk◦ι]) is compact }
N
>
2r(G0,C) + 1
2r(G0,C) + 2
holds for all ι. Then there exists a L+-torus Z0 which splits over
the composite of L with K, together with a normalised L-metaunitary
Shimura datum for the pair
(Z0, {c})× (G0, h0),
where c factors through CL/L+.
Proof. We begin with any representation ρ0 : G0,L → GL(W0/L) whose
scalar extension Lac ⊗L W0 is a direct sum of any number of copies of
Gal(Lac/L)-conjugates of the previously described U0. Let ρ1 : G0 →
GL(W1/L) be the trivial one-dimensional representation. For i ∈ {0, 1}
we pick G0-invariant pairings Ψi : Wi → Wˇ i such that:
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• Ψi(x, y) = Ψi(y, x) holds for all x, y ∈ Wi, and
• the symmetric form (trL/QΨi)(ρi(h0(
√−1))x, y) is positive def-
inite on R⊗Wi.
(N.B.: This is meaningful only because h0(−1) = 1). Consider the pro-
longation of the negative of the Killing form on g0 to a sesquilinear form
Ψ′ on W ′ := L ⊗L+ g0. The triple of polarized G0,L-representations,
that we wish to work with is: W1,W2 := W1⊕W ′, andW3 := W0⊕W ′.
The G0-invariant sub-algebras Rπ ⊂ EndL(W π) are constructed along
the lines of proposition D.1 and are easily seen to be ∗-invariant, here
Λ := {1, 2, 3} and Π := {{1}, {2}, {3}, {1, 2, 3}}. The same proposition
exhibits a connected L+-torus Z0 such that Z0 × G0 is the stabilizer
in U(W1/L,Ψ1)×L+U(W2/L,Ψ2)×L+U(W3/L,Ψ3) of
⋃
π∈ΠRπ, more-
over the proof thereof shows that Z0L splits over the splitting field of
G0,L. Let us note in passing that (Gm,Q × L1)/{±1} is embedded di-
agonally into (Gm,Q × ResL+/Q Z0)/{±1}, as L1, the complement in
(Gm,Q × L1)/{±1} to Gm,Q, is embedded diagonally into ResL+/Q Z0.
Let c be an arbitrary CM type for L and notice that w{c} maps −1
to −1, and thus we obtain a specific L-metaunitary collection for the
datum (Z0, {c}) × (G0, h0), if we only divide out each of the pair-
ings Ψi by a suitable purely imaginary element of L. The normalised
L-metaunitary Shimura datum is found by means of lemma D.3 and
lemma D.2. 
For the rest of this part of the appendix we assume that G0 is an
absolutely simple group over L+. We round off the discussion with
another family of examples, where the field L is adapted to G0, in the
sense that:
L =
{
L+[
√
[
√
p]2 − p] E7, Cl, Bl, A1, D4, D6, . . .
K otherwise
,
for in the last cases only, K is totally imaginary quadratic extension
because the Weyl-opposition is a non-trivial outer automorphism and
there are no other ones. We have to introduce a class of provisional
central extensions (G0, h0) ։ (G0, h0), defined by a specific push-out
diagram:
1 −−−→ C −−−→ G0 −−−→ Gad0 −−−→ 1
∼=
x ζx x ∼=x ∼=x
1 −−−→ ZG1 −−−→ G1 −−−→ G0 −−−→ 1
,
where G1 is the semisimple and simply-connected covering group of G0.
In the Dl-case with l ≡ 0 (mod 2), we start with the description of C
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being the qudratic twist:
C := ker(ResL/L+ TL
NL/L+→ T ),
where T is the L+-torus whose group of cocharacters agrees with the
lattice
X∗(T ) = {χ : ZG1(C)→ Z|0 = χ(1) =
∑
g 6=1
χ(g)},
which is of rank 2. Identifying the Klein four-group scheme ZG1 with
T [2] ∼= C[2] by decreeing the cocharacter χ to attain the value (−1)χ(g)
on an element g ∈ ZG1(C) defines an inclusion ζ of ZG1 into C.
In the remaining cases we define C to be CL/L+ : If G0 is of type E7,
Cl, Bl or A1 we have Z
G1 = {±1}, and we let ζ be the inclusion of ZG1
into CL/L+ , and otherwise we introduce ζ by observing that the theory
of root data produces an isomorphism:
ZG1 ∼=


CL/L+ [3] E6
CL/L+ [4] Dodd
CL/L+ [l + 1] Al
,
which is canonical up to composition with the reciprocal function. Now,
given that C(R) is connected, and that h0 factors through S
1, there
exists a diagram
S
h0−−−→ (ResL+/QGad0 )R
N
y x
S1
h
0
−−−→ (ResL+/QG0)R
.
Recall that (G0, h0) is said to be of type D
R
l if all simple factors of G0,R
are of the form SO(2l − 2, 2)/{±1} or SO(2l)/{±1}. In the following
proposition the type DR&Hl stands for data (G0, h0) with G0,C of type
Dl, but (G0, h0) not of type D
R
l (N.B.: D
R&H
4 does not exist, because
SO∗(8)/{±1} ∼= SO(6, 2)/{±1}).
Proposition D.6. Let (G0, h0) and L be as above. If
lim
N→∞
Card{k ∈ {1, . . . , N}|G0(R[ϑk◦ι]) is compact }
N
>


0 Al
3
4
E6, Bl, Cl, D
R
l
4
5
E7
l+1
l+3
DR&Hl , 2 ∤ l
l+2
l+4
DR&Hl , 2 | l
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holds for all embeddings ι : L+ → R, then there exists a normalised
L-metaunitary Shimura datum for some central extension (G0, h0) ։
(G0, h0) where G
0der is simply connected, and ZG
0
is connected, contains
C and is unramified at all divisors of p.
Proof. In the Al-case there is nothing to prove. Excluding the case
Deven for a while we let ρ0 : G0,L → GL(W0/L) be a isotypic L-
rational representation which is a direct sum of copies of minuscule
irreducible representations each of whose restrictions to the center
CL = Gm,L agree with scalar multiplication. The sets of µh0-weights of
each eigenspace (to the embeddings L →֒ C) can be read off from [11,
Table 1.3.9], so these are translates of
{−2
3
,
1
3
,
4
3
} E6
{−3
2
,−1
2
,
1
2
,
3
2
} E7
{−1
2
,
1
2
} Bl, Cl, DRl
{2− l
4
, . . . ,
l
4
} DR&Hl
Notice that h
0
could be multiplied with an arbitrary homomorphism
S1 → L1R without changing h0, so that we can adjust the µh0-weights
to lie in {0,±1}. Again we let ρ1 be the trivial representation, and
we pick G0-invariant pairings Ψ
′ : W ′ → Wˇ ′ and Ψi : Wi → Wˇ i with
properties as in the proof of the previous proposition, for any i ∈ {0, 1}.
The proof is completed by the arguments in the proof of proposition
D.5, notice that the L+-group G0 (or equivalently of ZG
0
) rests on the
choice of the polarizations which in turn assumes a choice of h0.
Finally, both DRl -cases are very similar to the Bl-one, and left to the
reader, but it remains to do the DR&Hl -case with l ≡ 0 (mod 2), so let
K be the smallest L+-extension over which G0 is an inner form of a split
form. If K = L+, the theory of root data produces an isomorphism
C ∼= C2L/L+ ,
which is canonical up to a swap of the factors. So let us set ρ0 to be the
direct sum of (possibly several copies of) the two minuscule represen-
tations ρ+0 and ρ
−
0 , with central characters being the two projections
CL → Gm,L. Again, the weight sets of each eigenspace (to the embed-
dings L →֒ C) can be read off from [11, Table 1.3.9], so depending on
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µh0 these are translates of one of the sets:
{−1
2
,
1
2
}
{2− l
4
, . . . ,
l − 2
4
}
{− l
4
, . . . ,
l
4
}
In generalK is a totally real quadratic extension of L+, C is canonically
isomorphic to ResK/L+ CL/L+ and the argument is analogous. 
Appendix E. Varshavsky’s characterization method
The paper [53] deals with characterizations of Shimura varieties. In
this work we want to be slighty more basic and confine to character-
izations of symmetric Hermitian spaces, here are the objects under
consideration:
• Let ∆ be a group and let M be a separated, non-empty, con-
nected, complex manifold with a holomorphic left ∆-action.
• LetG1, . . . , Gz be connected, simple, non-abelian algebraic groups
over C, and let Pi be a proper minuscule parabolic subgroup
of Gi. Denote the associated irreducible symmetric Hermitian
domains of compact type by Xi := Gi(C)/Pi(C), and write
G :=
∏z
i=1Gi and P :=
∏z
i=1 Pi and X :=
∏z
i=1Xi.
• Let ϕ : ∆ → G(C) be a group homomorphism, and let I :
M → X be a locally biholomorphic ∆-equivariant map (use ϕ
to define a left action of ∆ on X)
A sextuple (∆,M,G, P, ϕ, I) as above is called a period map if:
(M1) The image of ∆ in G(C) is Zariski-dense.
(M2) The image in G(C) of the stabilizer in ∆ of any element in M
possesses a compact closure.
(M3) There exists some y0 ∈ M whose stabilizer in ∆ contains some
subgroup ∆0 the closure of whose image in G(C) is equal to∏z
i=1Ti(R), where eachTi is a maximal compact torus in ResC/RGi
(i.e. the R-rank of Ti is equal to the C-rank of Gi).
Without any attempt of originality we wish to give a slight reformu-
lation of [52, p.89,p.92-94] in the above axiomatic setup:
Theorem E.1 (Varshavsky). Suppose that (∆,M,Gi, Pi, ϕ, I) is a pe-
riod map. Then there exist real forms Ji of Gi for every i ∈ {1, . . . , z},
such that ϕ(∆) = J(R)◦, where J :=
∏z
i=1 Ji. The locally biholomor-
phic map I is actually an injection and the ∆-action on M can be
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extended to a continuous and transitive J(R)◦-action thereon.
Pick a base point y˜ ∈ M , and assume for notational convenience that
I(y˜) is the canonical base point of
∏z
i=1Xi, i.e. equal to (1, . . . , 1).
Write Ui := Pi∩P i, where P i denotes the complex conjugate of Pi with
respect to the real form Ji. Consider the homogeneous spaces Mi :=
Ji(R)
◦/Ui(R), so that M =
∏z
i=1Mi. Then for each i ∈ {1, . . . , z} one
and only one of the following alternatives hold:
• Ji is compact, and Ui is a maximal proper connected subgroup,
• or Ji is not compact, and Ui is a maximal compact subgroup,
and in any case Ui has indiscrete center so that Mi is a symmetric
Hermitian domain of compact or of non-compact type.
We give a synopsis of the proof: The solution to the 5th problem of
Hilbert implies that J := ϕ(∆) is a Lie-group. Note that C⊗R Lie J is
semisimple, because LieG is semisimple and both of Lie J ∩√−1 Lie J
and Lie J +
√−1Lie J , being G-invariant C-subspaces of LieG in view
of (M1), are semisimple too. Moreover, there exists a semi-simple real
algebraic group J ⊂ ResC/RG such that LieJ = Lie J , as semisim-
ple Lie-algebras are algebraic. Finally the existence of T tells us that
J =
∏r
i=1 Ji where each single Ji contains Ti and it is either a real
form of Gi or it is equal to ResC/RGi. Let us write Aut(M) for the the
homeomorphism group of M , and let us endow it with the compact-
open topology. Let J˜ (resp. T˜ ) denote the closure of the image of ∆
(resp. ∆0) in Aut(M). The group T˜ is compact because it fixes a point
and preserves a suitable Riemannian metric, [25, II, Theorem 1.2]. It
is straightforward to see that ϕ extends to a continuous group homo-
morphism, say ϕ˜ : J˜ → J , the kernel of which is a discrete subgroup
of J˜ , cf. [52, Lemma 3.1]. The following argument shows that ϕ˜ is
surjective: We clearly have ϕ˜(J˜) = J and note also that ϕ˜(T˜ ) = T(R)
because T˜ is compact. Now there exist elements γ1, . . . , γn ∈ ∆ such
that Ad(γ1) LieT + · · · + Ad(γn) LieT = Lie J . It follows that the
product ϕ˜(γ1T˜ γ
−1
1 ) · · · · · ϕ˜(γnT˜ γ−1n ) contains an open neighborhood of
the identity in J and whence it follows that ϕ˜(J˜) = J . One shows the
openness of ϕ˜ along the same lines.
If a Cartan subgroup C ⊂ J fixes some point in the image of M in X,
then it must be compact. This can be shown as in [52, Lemma 3.6]
using the property (M2) only, together with the fact that J˜ is a Lie-
group, which is implied by the openness of ϕ˜. Finally two more facts
follow easily from that observation: First, no Ji is equal to ResC/RGi
so that J is actually a real form of G and second, the stabilizer in J of
any point on X has to contain some Cartan subgroup C of J , this is
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because it is equal to the intersection of two complex mutually conju-
gate parabolics, namely the stabilizer in G of that very point and its
complex conjugate.
We note in passing that (J˜ ,M,G, P, ϕ˜, I) is a period map too, by [52,
Proposition 3.5]. One next establishes the transitivity of the J˜-action,
which is accomplished by a simple dimension count (look at the stabi-
lizers and notice that all of the maximal compact subgroups of G act
transitively on G/P ).
Remark E.2. Let us say that a period map (∆,M,G, P, ϕ, I) is bounded
if
(M4) there exist positive integers pj such that the pull-back of some
line bundle of the form
⊗
j ω
⊗pj
j by means of I is generated by
its holomorphic global sections, where ωj denotes the canonical
line bundle on Xi.
It is clear that bounded period maps give rise to bounded symmetric
Hermitian domains M .
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